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Introduction

Dear reader,

the textbook of exercises which you are about to read is a complementary study material for
the course Introduction to global analysis, instructed on the Department of Mathematics
and Statistics of Masaryk University. This is a project under MU Development Fund for
the year 2016, and the authors are very grateful for being supported by university. We also
wish to express our gratitude to the guarantee of the project, profesor J. Slovak, for all the
help during the realization of this textbook.

Our aim is to facilitate the understanding of extensive theory of the course. We
approach this by giving detailed solution of numerous exercises. In the beginning of each
chapter, definitions, theorems and lemmas are stated, most of them in unchanged version
and without proofs. The original form of these, together with proofs of theorems and
lemmas, can be found in book of I. Kolar [1]. We have humbly enriched some parts of the
text with commentaries, mostly those sections we considered to be less comprehensible
at first glance, or the parts that seemed to hold the possibility of gently enlarge the
student’s horizon. We will be happy if you find this textbook comprehensible and uplifting,
nevertheless, there is a certain willingness required on the part of a student due to the level
we intended to create. For the most comfortable reading we encourage you to study the
above mentioned literature, also, as they are the primary reference for the course, as well
as for this study material.

In case you come across some mistakes, we would be grateful for letting us know on
our university mail. We wish you a pleasant reading.

—iii—



Smooth mappings of real spaces

Definition 1.1.

Let U C R" be open set and f: U — R a function. We say that f is r-times differentiable
or that f is of class C” if it has all continuous partial derivatives f M. .. f (), up to the
order r, at all points in U.

Remark. Function of class C° means continuous function. Function of class C* is called in-
finitely differentiable or smooth. Analytical functions, i.e. those which can be expanded
into power series, are said to be of class C®. The following implication holds

feC?=fecC”.

Theorem 1.2.

Function A : R — R given by

1s smooth.

Theorem 1.3.

For arbitrary real constant ¢ > 0 the function }.: R — R given by

_ A1)
A Py ey

is smooth.
Remark. Note that function from theorem 1.3 take only value O or 1
0 t<0
1) = B
Xe (1) {1 > e

and is nondecreasing.

Definition 1.4.

The Euclidean norm of a vector x € R" is given by

= /@) ()2 (1.5)
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Using norm we can define n-dimensional ball with center in a and radius r
B(a,r) ={xeR"|[x—a|| <r}. (1.6)

Topological closure is denoted by B (a, r).

Theorem 1.7.

Consider function u: R* — R dependent on three parameters a € R", r > 0, ¢ > 0, given
by
px)=1—=2x(lx—al[-r). (1.8)

Then following holds
e function u is smooth,
e 0<pu(x)and pu(x)=0if and only if x ¢ B(a,r+c)
e u(x)<1VxeR"and u(x)=1ifand only if x € B(a,r) .

Definition 1.9.

By the support of a function f: U — R, where U C R" is open, is understood the set of
points in which f has non-zero value.

Remark. It holds for the function u that it is constant in a certain neighbourhood of a point
a and it’s support is compact set B (a,r +¢).

The following statement is called Whitney’s theorem and describes important char-
acteristic feature of smooth functions.

Theorem 1.10.

Every closed subset S C R" is a set of zero points of some non-negative smooth function
f:R"—=R.

Definition 1.11.

Let I be arbitrary index set. Open cover (Vg ), a € I, of open set U C R” is called locally
finite if for every point x € U there is a neighbourhood of x having non-empty intersection
with only finitely many elements of the covering (V).

The following statement is one of the many versions of so called partition of unity
theorems. It can be used to globalize certain local constructions.

Theorem 1.12.

Let (Vy), o € I be locally finite open cover of an open set U C R". There is a system of
non-negative smooth functions (fy), @ € I on U such that the following holds
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a) fo (x) # 0if and only if x € Vg,

b) Yoe fulx)=1VxeU.

Remark. From now on we will use the notation f: U — V solely in the case of a mapping
between open sets U C R,V C RX, unless not stated otherwise.

Definition 1.13.

Consider a mapping f: U — V given by k-tuple of functions

=) = ) (1.14)

called components of mapping f. We also write

YW=fP(x),i=1,...n, p=1,....k (1.15)
or shortly just y = f(x). We define f to be differentiable mapping of class C" if all the
components of f are of class C", r = 1,..., 00, ®. Smooth mapping is a mapping of class
c”.

Theorem 1.16.

Consider open sets U C R”,V C R¥, W C R™ and a pair of mappings f: U =V, g: V=W
of class C". The composed mapping go f: U — W is also of class C".

Remark. For the clarity of computation let us fix the following range of index symbols
i,j=1,...,n, p.g=1,...,k, s,p=1,...m. (1.17)

What we mean is that, for example, (xi) represents n-tuple of coordinates in R". Analo-
gously ( fP (x’)) is a k-tuple of mapping components of f: U — V expressed in coordinates
(x’). Similarly for the rest of indeces.

Definition 1.18.

Matrix (%) is called the Jacobian matrix of f at a point a € U. Rank of this matrix

is denoted Rk, f and called rank of a mapping f at a. In the special case k = n we can

consider the determinant det <%> which is called the Jacobian of mapping f at a.

Theorem 1.19.

The Jacobi matrix of composed mapping go f at a is product of Jacobian matrices

(545 m (52

Definition 1.20.

Let U,V C R" be open sets. Bijective mapping f: U — V is called diffeomorphism of
class C" if f and inverse f~!: V — U are both of class C", r > 1 .
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Remark. Diffeomorphism between open sets can be understood as a system of curvilinear
coordinates.

Theorem 1.21.
Let f: U — V be diffeomorphism. For the corresponding Jacobian the following is true
ofP
det (];—(a)) #0 VaeU . (1.22)
xl

We consider to be well known (from elementary calculus) that the circle cannot be
described as a graph of a single function. Also we know that given the equation of circle

(x—x0)*+(y—yo)—r* =0

we can express the y variable as a positive and negative square root. Then, we can describe
the circle piece-wisely as a graph of these roots. Generalizing this idea leads to question
whether it is possible to localy describe geometrical object, given by family of equations,
as a graph of some mapping. Such function can be implicitely contained in the equations,
hence the name of the following statement: implicit mapping theorem.

Theorem 1.23.

Let GP (x!,...,x"y!,...»K), p=1,... k, are function of class C", r > 1 defined on
a neighbourhood W of a point (a1 .adbbl ,bk) € R"* satisfying

GP<a1,...,a",b1,...,bk>:o (1.24)
oGP (a',...,a"b',... b
det( (@, ) £0. (1.25)
oy1

Then there exists a neighbourhood U of (al,...,a") € R" and neighbourhoood V' of
(b',....b") € R¥ such that U x V. C W and for every point (x!,...,x") € U corresponds
precisely one point (y] yeens yk) € V satisfying

GP (xl,...,x”,yl,...,yk>:O. (1.26)

Functions y? = f? (x1 Yoo ,x”) given in this way are also of class C".

Lemma 1.27.

Let f: U — R" be a mapping of class C", U C R". If the Jacobian of f is non-zero in
every point then f(U) is open set.

Theorem 1.28.

Let f: U — R" be a mapping of class C", U C R". If there is a point a € U in which the
Jacobian of f is non-zero then there is a neighbourhood U C U of the point a and a neig-
bourhood V C R" of f(a) such that the restricted mapping f|;: U — V is diffeomorphism.
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Definition 1.29.
Mapping f: U — R¥, U C R" is called immersion if Rk,f =n foralla € U.

ox!
n and k. Therefore, immersion implies n < k.

Remark. Rank of the Jacobi matrix (af p(“)> is less or equal to the minimum of dimensions

Theorem 1.30.

If f: U — R¥ is an immersion then for every a € U there are neighbourhoods U of a,
neighbourhood V of f(a) and curvilinear system of coordinates ¥ on V such that the
restricted mapping f|; is of the form

jl=x,. . 7'=x"7""=0,..5=0. (1.31)

Definition 1.32.

Mapping f: U — V between open sets U C R”, V C R is called submersion if Rk, f = k
forallae U.

Remark. Because of the same reason as in the case of immersion, the dimensional condition
must hold, i.e. n > k.

Theorem 1.33.

If f: U — V is a submersion then for all points a € U there is a neighbourhood U of the
point a and a curvilinear system of coordinates & on U such that the restricted mapping
fg is of the form
1_ ol k _ <k
y =X,...,) =X". (1.34)
Let us summarize the immersions and submersions in the following observation. Every
immersion is localy inclusion R” — R+ (xl,...,x") — (xl,...,x”,O,...,O). Every
submersion is localy projection RFT™ — RF, (x!, .. xk xkF1 o xktm) o (1)L xK).

Exercise 1.35.

Give an example of a map which

1. a)is of the class C but not of the class 4. is smooth and analytic
C' b) is of the class C! but not of the
class C2 ¢) is of the class C2 5. 1s smooth but not analytic
2. is of the class C” 6. is smooth, invertible but not a diffeo-

morphism
3. is of the class C" ! but not of the class

cr 7. is a diffeomorphism
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Solution. 1. Example of class C° map is function absolute value function f(x) = |x|
which is everywhere continuous but does not have derivation at 0.

C' map is for example f(x) = (sinx,x%>. Eventhough the first component f(x) =

sinx is smooth, the second f>(x) = x3 is of class C!. Analogously, f(x,y,z) =
<x2 +y+z4,x%,ex> is of class C2. Generaly: let i be index of class to which the

component of a given map belongs. The class of a map is according to 1.13 given
by the class with the smallest i.

. 2r+1 . . . . . .
2. Function f(x) =x"2 has r continuous derivatives and the " derivative is

D) = @r+ 1)1 a7

where n!! =n-(n—2)----1 means double factorial. Simultaneously, "+ (x) =
%(Zr + 1! .x7 is not defined at 0, hence, not differentiable.

3. The case is not possible (trivially). Let every component of f be continuously
differentiable up to order r+ 1 including. Then every component of f must be
r-times continuously differentiable, i.e. f belongs to C".

4. Function given by polynom f(x) = ajx' +axx? +---+ a,x" is smooth. Arbitrary
mapping with components given by polynomial functions is smooth mapping which
is also analytic. Power series expansion of a polynomial is the polynomial itself.
Another example is the exponential function f(x) = ¢* which is smooth and analytic
function having the Taylor expansion of the form

o n 2 3 44

oy A AR
e—r;)n!—l+x+2!+3!+4!+

5. Smooth mapping is, by definition, differentiable up to arbitrary order. Therefore,
we can compute the Taylor series. The question is whether the corresponding power
series is (pointwise) convergent to the original function. We met example of function
satisfying our conditions in theorem 1.2

0 <0
At) = -
(t) {e_; t>0

The function is smooth but not analytic and it requires non-trivial proof to show this
fact. We provide this example without proof as an illustration of the set inequality
C>™ # C®. Let us remark that non-analytical smooth function of complex variable
does not exist.

6. Function f(x) = x" considered on [0,c0) is smooth and invertible. The inverse

fFx) = x is not differentiable at 0 (derivation of f~! approaches infinity from the
right). Since inverse of f is not differentiable, f cannot be diffeomorphism.
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7. Exponential function f(x) = ¢* with inverse f~! = Inx is an example of smooth dif-
feomorphism of interval (0, ). Similarly for mapping f(x,y) = (f1(x,y), f2(x,y)) =
(x2 +y2+1,e” ) which has the matrix of partial derivatives in the following form

% % (2x 2y

8—1;2 3—1;2 — \yeV xeV
being non-zero on R?\ {(0,0)}. Theorem 1.28 says that for each point in R? there
is a neighbourhood on which f can be restricted to diffeomorphism.

o
Exercise 1.36.
Show that both translation and linear isomorphisms of R" are diffeomorphisms.
Solution. Translation is given by a shifting vector. Let us denote it U = (uy,...,u,). By
adding U to original coordinates we get new coordinates
1 1 1,1
(X' X)) = (0 X )
Since new coordinates y' are fucntions of the original ones, i.e. y' =y’ (xl, e ,x”) , We can
compute the matrix of partial derivatives <%) which will be equal to the identity matrix
because u; are constant values
(9_yi _ ox 4+ it _si
dx/ dx/ 17

where 3} is Kronecker delta. The determinant is equal to one for arbitrary point of R”,
thus, theorem 1.28 yields the result.

We recall well known fact from linear algebra, that is, every linear isomorphism of R”
(in fact every linear map between real vector spaces) can be described by some n X n real
matrix with non-zero determinant

air ... dip
A=

ayl ... Qnp

and the image under the map is given by matrix multiplication
(xl,...,x”) — (anxl—l—---—l—alnx", ,an1x1+---+annx") )

We can see that the matrix of partial derivatives of new variables (y') = (a;1x' +- - - +a;x")
with respect to the original coordinates (x/) is equal to A. The deteminant of A is non-zero
by assumption, hence, every linear isomorphism is diffeomorphism. o

Exercise 1.37.

Determine the domains of the following transformation of coordinates on which they are
diffeomorphisms. The transformations are from standard coordinates to
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1. polar coordinates, 3. spherical coordinates,
2. cylindrical coordinates, 4. hyperbolic coordinates.
Solution. 1. Polar coordinates describe the R? plane

x(r,) =rcos¢,
y(r,)=rsing,

where r is the distance of a given point from the origin and ¢ is angle between line
through the point and the origin and positive part of x axis. Let us compute the
matrix of partial derivatives

ox 9y ,

or 79| _ <cosq0 —sin (p)
9y 9y i

2 5 sin@  rcos @

J=cos@-rcos@ — (—sin¢-sin@Q) :r(cosz(p-l-Sinz(P) =r

The determinant is

For Jacobian to be non-zero we muset satisfie 7 > 0 and ¢ must be from [0,27) for
coordinates to be bijective. Theorem 1.28 says that polar coordinates are diffeomor-
phism on (0,e) x [0,27).

2. Cylindrical coordinates describes points of R

x(r,@,z) =rcos@ ,

y(r,@,z) =rsing,

2(rn@,z) =z
where r > 0 is the distance of a given point from the origin and ¢ € (0,27) is
angle between the line through the point and the origin and positive part of x axis

(measured for z = 0 or, equivalently, we can consider the projection of the xy plane).
Jacobi matrix of transformation is

dx dy ox .

gr e gz cos¢p —rsing O
9y 9y 9| = i

o Jp Jz| = |sing@ rcose 0
dz dz 9z 0 0 1
dr do Iz

Using Laplace expansion along the third row we see that the value of Jacobian is the
same as for polar coordinates
J=r.

and due to 1.28 cylindrical coordinates are diffeomorphism on (0,0) x (0,27).

3. Spherical coordinates describes R>

x(r,,0) =rsinBcos @
y(r,@,0) =rsinBsin@
z(r,9,0) =rcosf ,
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where r > 0 is the distance of a given point from the origin, 8 € (0,7) is angle
between the line through the point and the origin with positive part of z axis, and ¢
¢ € (0,2x) is angle between the line and positive part of x axis (measured for z = 0).
Jacobi matrix of transformation is

dx dy  ox . . .

Jdr J0 Jd¢ sinfcos@ rcos@cos¢ —rsin@sin@
— |2 & | _|ingsi ' i
J=15 39 90 | = sin 0 sin @ rcos@lsmq) rsin 6 cos @

Jz dz Iz cos 6 —rsin O 0

ar 96 Jdo

Determinant computed with Laplace expansion along the third row is

detJ = r? cos 0 - det (COS Ocosp —sinsin q’)

cos@sin@ sin6cos @
g (e n0n)
=r?cos 6 (sin 6 cos 6 cos® @ + sin 6 cos O sin’ (p)
+r%sin6 (sin2 6 cos? @ + sin® 6 sin’ (p)

= r?sin 0 cos O 4 r*sin O sin* O

= r%sin@ .

We get non-zero value for » > 0, 6 € (0,7). For cooridnates to be diffeomor-
phism we need not only J # 0 but also ¢ € [0,27) (because of bijection condition).

Theorem 1.28 yields that on (0,0) x (0,7) x [0,27) the spherical coordinates are
diffeomorphism.

. Hyperbolic coordinates are of the form

x(u,v) = ve
y(u,v) = ve

and diffeomorphically maps (R\ {(0,0)}) x (0,e0) on (0,e0) x (0,00) which is in
accordance with theorem 1.28, given the Jacobian is

J = det ( uve

u u

" e_u) =uy (e“_” +e“_“) =uy

—uve e

Exercise 1.38.

Give an example of a map which is

1.

immersion,

2. submersion.
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Solution. Every diffeomorphism is immersion. Parametrization of line in R" p: R —
R", t — (p'(¢),...,p"(t)) is immersion. Analogously, a plane given by the graph of
a function ¢: R? — R3, (x,y) — (x,y, f(x,y)) is immersion of R? (or some subset of R?)
into R3.

Every diffeomorphism is also submersion. Basic example of submersion is projection
onto the first k-components 77: R — R, (x!,...,x") — (x!,...,x), k <n. Map f: R?\
(0,0) = S, (x,y) — \/(;2—yT)y2 mapping R? without the origin on the unit circle with centered

in origin is submersion. o

Exercise 1.39.

Find diffeomorphism of the open ball : B (a,r) with R".

Solution. Firstly we use the consequence of theorem ??, that is, composition of diffeomor-
phisms is diffeomorphism. Using this fact, we are looking for convenient maps such that
their composition will be the searched diffeomorphism. Consider the mapping

¢: B(0,1) > R",

defined on the open ball centered at the origin, B(0,1) = {x € R",||x|| < 1}, given by

X
l—)—z,
V1=l

where || — || is the euclidean norm 1.5. The inverse is

o ' R"—=B(0,1),
y

.
vaRaiv|

Let us check the map is diffeomprhism. Both ¢ and ¢! are C* maps. Differentiability can
fail in denominator which is smooth on suitable domains. For ¢ holds 1 — ||x||> > 0 (the
ball is open with unit radius, i.e. ||x||> < 1) and for ¢! holds 1+ |[y||*> > 0. Only trouble
is the euclidean norm which is not differentiable at zero. We can evade this problem by
altering the norm slightly. In sufficiently small neighbourhood of zero, let us change the
square root function (occuring in || — ||) by convenient increasing function. Using partition
of unity we can “glue” such function with the square root on the rest of domain. We
will avoid further details in this rather intuitive explanation for the sake of not loosing the
original idea. Hence, symboll || — || will mean the altered norm and above defined ¢ will
be understood with respect to this change. We check that composition of f and f~! yields
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identity.
(F'of) ) =5"" <;> (For ™M) =7 (*)
(1 —[]x]]?)2 (1+|ly|2)?
__x _y
_ (1-[lP)? _ (141blP)?
(1+1—=ip) (1-1—l)
(-l P)? (1+]bIP)?
# #
Ca-ER? ||x|\2 _aHpp?
2 HERY:
(k) ()
=X =Y

In the left column we used 1 — ||x||> > 0 and similarly we used 1+ ||y||*> > 0 in the right
column. So far we have diffeomorphism between B (0, 1) and R”. Example 1.36 shows
that linear isomorphisms and translations are diffeomorphisms, thus, we can find a suitable
shift and scaling to produce a diffeomorphism ¢ between the open ball centered at zero
with radius r and the unit open ball B(0,1), i.e

¢: B(a,r)— B(0,1)

The desired diffeomorphism is ¢ o ¢



Submanifolds of real spaces

Natural generalization of curves or surfaces in R” is the m-dimensional submanifold of R".

Definition 2.1.

Subset M C R" is called m-dimensional submanifold of class C",m < n, if for every point
x € M there is a neighbourhood W of x together with diffeomorphism y: W — V C R" of
class C" which maps W MM on open subset U C V given by the equations

K" =0,...x"=0. (2.2)

Definition 2.3.

Restriction of diffeomorphism y from the definition of submanifold induces a mapping
¢: WNM — U called local coordinate system on submanifold M. Inverse of ¢, considered
as mapping ¢ ~': U — R", is called local parametric description of submanifold M.

e The previous definition implies that m-dimensional submanifold can be locally
viewed as a piece of m-dimensional linear subspace in R” which has been curved.
The local information of a specific distortion is encoded in diffeomprhism y.

e Diffeomorphism vy is telling us only locally how to "flatten”, so to speak, the curved
submanifold to linear subspace (and vice versa). This means that ’straightening” the
whole submanifold might not be possible (i.e. from the definition of submanifold
does not follow the existence of global diffeomorphism between the submanifold and
a linear subspace. Examples of such cases would be cone, Moebius strip, sphere,
Klein bottle, rotational paraboloid or a torus.

The following theorem enables us to describe submanifold using system of equations.

Theorem 2.4.

Let f: U — R"™ be a mapping of class C",U C R" and b € R"™ a point. If f has rank
n—m in every point of set f~!(b) then f~!(b) is m-dimensional submanifold of class C".

Definition 2.5.

Let ¢; and ¢, be local coordinate systems on a submanifold M (given by restriction of
diffeomorphisms as in 2.3) with domains Wy, W, respectively and let Uy, U be open
subsets in R™ given by the image of intersection Wi "W, "M under ¢, ¢, i.e.

Up=0 WinWanM), U= (WiNWoNM) .

_]2—
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The composed mapping ¢ := ¢p20 ¢, L. Uiy — Uy is called transition map between the
pair of local coordinate systems (@, ;).

Theorem 2.6.

Every transition map ¢, of a given pair of local coordinates (¢;, ¢ ) is diffeomprhism of
class C" between open subsets U1, C R™ and Up; C R™.

In the next steps we will extend the notion of differentiability of mapping between real
spaces on the case of submanifolds. In order to do that we firstly define continuity.

Remark. Let us recall that R” is a topological space. The topology is generated by open
balls. It follows that a submanifold M C R" is also a topological space with respect to the
subspace topology.

Definition 2.7.

A mapping f: M — N between submanifolds is called continuous if it is a continuous
mapping in the topological sense.

Definition 2.8.

Let M C R", N C R¥ be submanifolds of class C". We call f: M — N a mapping of class
C?, s < rif for every a € M there is a neighbourhood U C M of a, a neighbourhood V C N
of f(a) satisfying f (U) C V and local coordinate systems

0:U—>Wi CR" y:V W, CR!

such that the composition
wofoq)’l: W — W,

is of class C®.

Remark. Definition of mapping of class C* between submanifolds of class C”, where
necessarily s < r, is independent of the choice of local coordinates.

Theorem 2.9.
Let M C R", N C R¥, P C R be submanifolds of class C" and let

f:M—N, gc:N—P
be mappings of class C*, s < r. The composed mapping
gof:M—P
is also of class C°.

We use letters x,y, z to denote variables in spaces of dimension less then 4.
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Exercise 2.10.

Decide whether the following subsets are submanifolds of euclidean space. Determine
their dimension and class.

1. Bernoulli lemniscate.

2. General vector space and affine subspace in R".

3. Solution of x"* = sin (xlx2 . .x”) and graph of arbitrary smooth function.

4. Subset in R? givenby x> +y* + 722 =12, x—y=0,r > 0.

Solution. Majority of solutions will be consequence of theorem 2.4, hence, let us describe
how the theorem can be used. Mapping f: U — R"™" U C R" from the theorem is given
by (n —m)-tuple of functions

fs(xl,...,xn), szl,...,n—m

and a point b € R"™", i.e. b= (b',...,b" ™) is (n — m)-tuple of numbers. Therefore, the
set f~1(b) is given by a system of (n — m) equations

fs(xl,...,x") =b', s=1,....n—m.

Next information we can read from the statement is that on a subset f~! (b) is the rank of
f maximal. We defined rank of a mapping, Rk, f, as a rank of the corresponding Jacobi
matrix <%> . Due to dimension we know that the rank must be n — m.
1. Bernoulli lemniscate is a plane curve given by two points A;, A, on the x axis in
distance a from the origin. Point P of the lemniscate must satisfie ||PA|| - ||PA2|| =
a’.
Since the curve intersects itself at (0,0) there cannot exists a neighbourhood W C R?
of the point such that it’s intersection with lemniscate would be diffeomorphic with
open line segment. The reason is that every diffeomorphism is a continuous bijection
and the self intersecting curve cannot be image of an injective mapping. By theorem
2.4 there must be a point in which the rank of f will not be maximal. We will find

this point. In cartesian coordinates, lemniscate can be described as
(x2 —I—y2)2 = 24? (x2 —yz) , a>0
and a® > x? is satisfied. Let us rewrite the equation to the form f (x,y) =0
2a°x% — 2azy2 —xt— 2)62))2 — y4 =0

The Jacobian will have only one row since f has only one component.

afs _ af af _ 2 3 2 2 2 3
<8xi> = <$’8_y) = (4a x—4x° —4xy",—4ay —4x“y —4y ) .
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At least one column must be non-zero for the matrix to have maximal rank (i.e. 1)
at every point of R2. So, we examine the conditions on variable implied by setting
columns to zero. We begin with the second

0= —4azy - 4x2y — 4y3 = —4y (a2 +x° —{—y2) .

Since we assume a > 0, the bracketed expression must be greater or equal to zero.
Hence, y = 0, which we substitute into the first column

0= 4a’x —4x> = 4x (a2 —xz)
and a®> > x? implies x = 0. We conclude that f her zero rank at (0,0).

2. From the definition of submanifold follows that for arbitrary n, R” is submanifold
of dimension n. It is thanks to existence of global standard coordinates (xl, . ,x”).
In other words, to find diffeomorphism from definition 2.1, it is enough to take the
identity map on the whole space. Let us proceed with case of general vector space V
of dimension n. It is well known from course of linear algebra that two vector spaces
of same dimension are isomorphic. Choice of base on V yields coordinates on V
and uniquely determines a diffeomorphism with R” (linear isomorphism given by
transformation matrix from the given basis to the standard one). Therefore, vector
space of dimension 7 is n-dimensional submanifold.

We can solve the case of affine subspace by determining how we can obtain vector
subspace from affine one. A choice of origin in affine subspace gives a unique
shifting vector as a difference between the chosen origin and origin of ambient
vector space. Since every shift is diffeomorphism and composition of diffeomor-
phisms is difeomorphism, we conclude that every affine subspace is submanifold
with dimension equal to dimension of it’s underlying vector space. Moreover, it
is smooth submanifold because we can describe it as a solution of linear equation

a1x! +a)x® +...ax" +c =0, i.e. equation of the form f (x!,...,x") = 0, where f
is smooth.
3. We rewrite the equation x" = sin (x'x?...x") to the form f (x',...,x") =0

sin ()clx2 .. .x”) —x"=0.

For the sake of clarity, use the following substituion z = x'x? - --- - x* with partial
derivatives

af 2 n

—— =x"...x"cos(z

3il (2)

9af 13

== =Xxx...x cos(z

9.2 (2)

af 1 n—1
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Jacobi matrix consisting of only one row is

(x2 ..x"cos (z),x'x> .. .¥"cos(z),...... X% x"eos (z) — 1) .

We will show that at least one column will be always non-zero. Let all but the last

column be zero. Then either x! =x? = --- = x = 0 holds or cos (z) = 0 is true. Both
cases yields value of —1 in the last column. Therefore, the given object is (n—1)-
dimensional submanifold and is smooth, since f (x1 Ve ,x") = sin (xlx2 .. .x”) —x"

is smooth function.
For analogous reasons, graph of arbitrary function f € C”

{(xl,...,x",f(xl,...,x"))} c R*!
is n-dimensional submanifold of class C". Equation of graph is
f(xl,...,x") = o F(xl,...,x"+1) =f—x"t'=0

and corresponding (one row) Jacobi matrix of F' has partial derivatives in the first
n rows and —1 in the last one. The very same argument we can use for f € C,
thus, graph of smooth function is smooth manifold of dimension #.

4. We will give two solutions to this problem. Eventhough the first one uses resuluts
of later chapter we will describe the idea. Equation x>+ y* 4+ z> = r? describes 2-
dimensional sphere centered at origin. Equation x —y = 0 describes plane containing
line y = x and the z axis. Set given as a solution of both equations is intersection
of the plane and the sphere, circle of radius r centered at origin. In a proceeding
chapter we will see that any circle is a smooth submanifold of dimension 1.

The second approach uses theorem 2.4. Function at hand is of the form

f(X,y,Z) = (fl(X,y,Z),fz(X,y,Z)) = (x2+y2—|—z2—r2,x—y)

and has 2 x 3 Jacobi matrix

af\ _ [(2x 2y 2z
ox) 1 =1 0

The second row is always non-zero and the first one is zero only at the origin which
is, nevertheless, not contained in the sphere. Therefore, Jacobi matrix will have
maximal rank on the given subset. Due to theorem 2.4, it is a smooth 2-dimensional
submanifold. o

Exercise 2.11.

Show that if M C R" is an open subset then M is a smooth submanifold of dimension 7.

Solution. We have shown in exercise 2.10 that R” is a smooth submanifold of dimension
n. Let M be open subset in R”. According to 2.1 we need to find a neighbourhood around
every a € M which is diffeomorphic with open subset in R”. But this is trivial, since M
itself is given by points with inherited coordinate description from ambient R". Thus, the
neighbourhood is M itself and diffeomorphism is the identity map. o
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Exercise 2.12.

Prove that the set of linear isomorphisms of R” is smooth submanifold. Determine it’s
dimension.

Solution. Firstly we realize that linear isomorphisms of R" corresponds to real matrices
n x n with non-zero determinant. The space of all such matrices is denoted GL (n,R).
Every A € GL (n,R), A = (ai j) consits of n> components a;;. Hence, we have injective

mapping
GL (n,R) >R" |

given by identifying A with n?-tuple of real numbers
(aij) — (an,aiz,....ain,a21,a2,. ... yAnl>An2s - - > Ann) - (2.13)

Determinant, then, is a smooth function
2
det: GL(n,R) CR" —R.

Smoothness follows from formula for determinant known from linear algebra

det(A) = ) sgn(G)Iiai,o,-,

cES,

where S, is the set of all permutations on n elements. The right-hand side is a polynomial
in variables a;; which is a smooth function. Thus, we can describe the set of linear
isomorphisms as an inverse image of an open subset along a continous function

GL (n,R) = det™ ! (R\ {0}) .

Therefore, GL (n,IR) is open subset in R”" because inverse image of open subset along

continuous fuction is open subset. According to 2.11 is the set of all linear isomorphism

of R” smooth submanifold of dimension n?. o

Exercise 2.14.

Show that the set of all real matrices with determinant equal to 1 is smooth submanifold.

Solution. We will use similar idea as in exercise 2.12. We already know that the space of

all n x n matricies can be injectively mapped to R using 2.13. Also, the determinant is
smooth mapping from the space of matrices to real numbers. The set of all matrices with
determinant 1, denoted SL (n,IR), is inverse image of determinant map

det: SL(n,R) CR" SR,
SL(n,R) = det™'(1) .
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We will show that Jacobi matrix of det has maximal rank on subset SL(n,IR). It is enough
to show that given A € SL(n,R) there is a pair i, j satisfying

9 det(A)
8a,-j

#0.

1.e. Jacobi matrix will have at least one non-zero value and, therefore, maximal rank.
Applying Laplace expansion on determinant of A = (a;;) along i-th row is

det(A) = (—1)i+lai1Mi1 + (—I)H_zaile‘z 4.4 (—1)i+naian‘n

where M;; is the minor (or cofactor) correspoind to element a;;. We proceed by contradic-
tion. Suppose that the following holds

ddet(A)

= (-1)"M; =0
8aij ( ) 1
for fixed i and arbitrary j, leading to
ddet(A ad
ddet(4) _ == et(A):Mm:().
da; dain

Having all minors for a given row equal to zero implies Laplace expansion along this
row vanishes, implying det(A) = 0. Nevertheless, we assumed A € SL(n,R), hence the
contradiction. We have shown that Jacobi matrix has maximal rank at arbitrary point A
of subset SL(n,R). Therefore, by theorem 2.4, it is a smooth submanifold of dimension
n?—1. o

Exercise 2.15.

Decide whether a general regular convex polygon with n vertices, n > 3, is a submanifold
of real plane.

Solution. We will solve this problem by showing that arbitrary part of polygon containing
some vertex is not a submanifold, implying that the whole polygon cannot be a submanifold.
So, consider some part of polygon containing vertex V and two adjacent sides A1, hy with
open ends. Recalling results from previous section, we know that rotation and shift applied
on some object does not influence whether the object is submanifold or not. Thus, without
loss of generality, let us suppose that the part /1;Vh; lies in R? in a position in which the
vertex V is identified with origin and 4 lying on the x axis. Then, we can consider angle
a from h; to hy to be from interval (0,7)\ {Z} (case & =  can be turned to the previous
case using rotation). Polyline 1V h; is not a submanifold beacuse it is a graph of a function
which cannot be differentiable at the origin, since the following reason. Prescription of
this function, let us denote it f, would be defined picese-wisely by two linear functions
with the break point at the origin: descripition of the first part would be dependent on
«a and the second one would be constantly zero. Precise form of this piece-wise linear
f we do not need. What is important is the break point in which the function cannot be
continuously differentiable, because « is, by assumption, non-zero (i.e. derivative from
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the left would differ from derivative from the right at (0,0)). If we would like to describe
hiVhy C R? as a submanifold with accordance to definition 2.1, we would come to the
following contradiction. Two different desripitons of some neighbourhood of V, the first
one given by function f and the second one arbitrary, let us denote it g, must differ by
a smooth transition map y such that the composition f o yog~! is smooth. Nevertheless,
composition preserves the least of orders of differentiability which, because of f, would
be zero. Thus, 71V h; cannot be submanifold and nor can be true for the general polygon
containing it. o

Exercise 2.16.

Showh that given a map f: M — N of class C" between submanifold of class C* implies
r<s.

Solution. Let f: M — N be a C" map. For f to be of class C", due to ??, there must be
for each point a € M a neighbourhood U C M, a neihbourhood V C N for f(a) satisfying
f(U) c V, and local coordinates ¢ on U and y on V such that the composition yo fo¢~!
is a C" map. The situation can be depicted in the following diagram

U
o]

¢(U)

/

Vv
v v (V)
The order of differentiability of composed map is equal to the least order of composed
maps. Both y and ¢ in wo fo¢~! are, by assumption, of class C* due to 2.1. Therefore,
r < s holds. o

Exercise 2.17.

Decide whether a subset of R?, given by two circles (with non-zero radius) with one point
intersection, is a submanifold.

Solution. We can solve the problem using topological argument. From the definiton of
submanifold it follows that for each point of submanifold there is a suitable vicinity of the
point together with a diffeomorphism f on simply connected subset of R". It is a basic
fact in topology that simply connected subset of R" can be homeomorphicaly mapped
on the whole R”. Since every diffeomorphism is homeomorphism, every submanifold of
euclidean space must be locally homeomorphic to R". Let M be the set given by two
circles intersecting at a single point x. Suppose that M is a submanifold of R? and consider
an arbitrary neighbourhood U of x. From topology we know that the space given by R?
from which we remove a point has only one connected component. Removing the point
x from U gives four connected components. Hence the contradiction, since R? without
(arbitrary) point should be homeomorphic to U without x. At the same time, the number
of components is invariant under homeomorphisms, thus, the situation cannot occure and
M cannot be submanifold of R. o



Smooth manifolds and smooth mappings

Definition 3.1.

n-dimensional topological manifold is a separable topological space M with countable
basis, which is locally homeomorphic to R". This means that Vx € M there exists a neigh-
borhood U, open set V C R" and homeomorhphism ¢ : U — V.

Definition 3.2.

Every homeomorphism ¢ : U — V, where U € M and V € R" are open sets is called local
chart on M. Coordinates ¢ (a), where a € U are called coordinates of a in ¢ If 0 € V, then
¢~ 1(0) is called a center of the chart .

Definition 3.3.

Let us assume M and two charts ¢; and ¢, on sets U; and U;. Induced mapping ¢» =
Q0 ((pl_ . ‘VIZ) : V12 — V5 is called transition mapping of ¢ and ¢,. This is sometimes
referred to as a change of coordinates on the overlap.

Definition 3.4.

Two maps ¢, : Uy — V; and @, : U, — V; on a topological manifold M are C'-related if
transition mapping @y, is C"-diffeomorphism.

Definition 3.5.

C" atlas .o/ on a topological manifold M is a set of C"-related charts @y, : Uy — V, such
that their domains Uy, cover M. This atlas is also called differential structure.

Remark. We can consider an atlas on R” where idg» is not compatible with it. Such an
atlas is called a non-trivial differential structure.

Definition 3.6.

Map ¢y : Uy — Vj is compatible with a C" atlas .o/ if every transition map Qg : Voo — Vo
is C"-diffeomorphism.

Definition 3.7.

Atlas .o on a topological manifold M is called complete if it contains all compatible charts.

—20—
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Theorem 3.8.

Let ./ be an arbitrary C" atlas on M. If we add all compatible charts, we obtain a complete
atlas.

Definition 3.9.

Continuous mapping f : M — N is of aclass C*, if for every mapping ¢ : U — V compatible
with .27 and for every chart y : W — Z compatible with #, such that f (U) € W, the induced
mapping yo @~ : V — Zis of class C*

Definition 3.10.

Differentiable manifold of class C" is a topological manifold with C” atlas 7.

Theorem 3.11.

Continuous mapping f : M — N between two C" manifolds is of a class C* ((s < r) if for
every x € M there exist local charts ¢ on M and y on N such that the induced mapping
¢~ o fowis of class C* in a neighborhood of x.

Theorem 3.12.

Let M, N and P be C" manifolds and f: M — N, g : N — P are C* mappings. Then the
composition go f: M — P is also C°.

Definition 3.13.

C* diffeomorphism of two n—dimensional C" manifolds M; and M, is a bijective C*
mapping f : M| — M>, such that inverse mapping ' : M, — M is also C°.

Definition 3.14.

Product of C" manifolds M and N given by atlases .7 and % is a C" manifold on direct
product of topological manifolds M x N with differential structure <7 x 2.

Remark. Even if o/ and 2 are complete, atlas ./ X 4 is not.

Definition 3.15.

Let us assume n—dimensional C" manifold M. We say that subset N C M is k—dimensional
C* submanifold if N with atlas obtained by a restriction from atlas of M is k—dimensional
C’ manifold.

Remark. We say that manifold or mapping is smooth if it’s C*°. From now on, we will omit
the word smooth.
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Exercise 3.16.

Are following mappings local charts?
l. f:R=R, f(t)=t**)keN
2. f:R=R, f(t)=t**1 keN
3. fi(—a,a) =R, f(t) =tan(5),a eR

Solution.

1. First we can note that this mapping is not injective. The image of this mapping is
an interval [0, o). This set is not even open in R! Furthermore, images of open sets
containing 0 are not open, f ((—a,a)) = [0,a*)

2. These mappings are local charts. They are injective and every open set is mapped
into another open set.

3. This example show us that R is C*—diffeomorphic to an open interval (—a,a).
Mapping is injective and image of any open set is open set again.

Exercise 3.17.

Can one construct an atlas on the sphere S” with only one chart?

Solution. If one could construct such a chart ¢ : §* — R" it would have to be a homeo-
morphism onto an open subset of R”. Since S" is compact, ¢ (S”) would be a closed, as
well as open set of R”, hence it would be R”. This is absurd, because R” is not compact.
Therefore one can not construct an atlas on S” with only one chart. o

Exercise 3.18.

Consider open subsets U and V of the unit circle S' in R? given by
U ={(cosa,sina) : o € (0,27)}

V ={(cosa,sinx): o € (—m,7)}

Prove that &7 = {(U, ¢),(V,y)}, where
@:U—R,@(cosa,sina) =a

y:V =R y(cosa,sina) =a

is an atlas on S!.
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Solution. One has U UV = S!, as one can see from the figure. The maps ¢ and y are
homeomorphisms onto (0,27) and (—7, 7) respectively, hence (U, ¢) and (V, y) are local
charts on S'. The transition map yo ¢! is given by

o, o€ (0,m)

o — (cosa,sina) —
o—2m, o€ (m2m)

This is a diffeomorphism on U NV, thus <7 is an atlas on S 1

Chart U Chart V
1F - 1 ‘
0.5+ . 0.5+
> Of > 0
-0.5} ] -0.5¢
-1L E -1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 3.1: Charts U and V on S!

Exercise 3.19.

Define an atlas on the cylindrical surface
M={(xyz) eR :x*+y =r*0<z<h}
where h,r € RT

Solution. We only need to endow the circles S} = {(x,y) € R* : x> +y* =r*} with an
atlas. However we’ve done this in a previous exercise. Then U x (0,4), V x (0,h) are open
subsets in M and we define an atlas on M by

o ={(U x(0,h);¢ xid),(V x (0,h);y xid)}
The transition map between the charts is
(yxid)o(pxid) ™' = (yop ') xid

which is C*—diffeomorphism and therefore <7 is an atlas on M. o
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Remark. This procedure can be extended to a product of arbitrary manifolds M = M| X M>.

Exercise 3.20.

For each positive real number r, consider the map ¢, : R — R, where ¢, (1) =¢ if r <0 and
¢ () = rt ift > 0. Prove that the atlases {(RR, ¢,-) } define an uncountable set of differential
structures on R. Are the respective differentiable manifolds diffeomorphic?

Solution. ¢, is a homeomorphism for every positive real r, therefore it’s an atlas. To
check whether differential structure are equivalent, we have to verify for which r and s are
mappings ¢, and ¢; C"—related. To do this, we have to calculate ¢, o ¢!, which is

t, t<0
i, t>0

(q)rod’s_l) (t) = {

These functions are discontinuous if r # s, therefore the differential structures are different.
However, let us assume a mapping

t—t, t<0
t—5t, t>0

¢:R,—>RS:{

This mapping is a diffeomorphism, because ¢ 0 ¢ ¢! is an identity map, which is C*. o



Tangent bundles, tangent mappings

Definition 4.1.

Path on M is smooth mapping f : I — M, where I € R is an open interval.

Remark. Path is sometimes called smooth motion, because it does not contain only
a “trajectory”, but also “motion” that created it. If f(I) € M is a curve and f is it’s
parametrization, we have parametrized curve on M.

Remark. If M is an open subset U C R”, then path f(¢) : I — U has tangent vector %
at every to € I. This vector can be understood as a vector fixed at a point f (¢y).

For simplicity, from now on we assume that 0 € /.

Definition 4.2.

Choose a point a € U and assume a path f, = a +tb, which for sufficiently small 7 lies in
U. Then dfd(to) = b. The pair (a,b) is called a tangent vector to U at a. Set of all such
vectors is called a tangent space of U at a and is denoted 7,U = R". Union of tangent

spaces at all points 7U = |J T,U = U x R" is called tangent bundle.
acU

Remark. We will also use f’ to denote (31—{.

Remark. Definition of tangent space and tangent bundle is more abstract in case of general
topological manifold M.

Remark. Function & : I — R has first order zero at ¢y € I if

h(lo):%(tto):o

Definition 4.3.

Two paths f,g: I — M are in contact at f if f(f9) = g (¢p) and for every smooth function
¢ : M — R, induced function ¢ o f — @ o g : I — R has first order zero at 7.

Theorem 4.4.

Two paths f,g : I — M are in contact at 0 if f(0) = g(0) = a and there exists coordinate
system x' at some neighborhood of a, such that

df (0) dg'(0)
e dt

_25_
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This allows us to define tangent vectors as equivalence class of paths which are in
contact.

Definition 4.5.

Equivalence class A of paths f(¢) on M with f(0) = a with a first order contact at O is

called a tangent vector of M at a. We denote it A = 4 ( ).

classes is tangent space T, M.

Set of all such equivalence

Definition 4.6.

Derivative of function ¢ in direction of A is given by

_d(@of)(0) & dg(a)df(0)
Ag = dr _Z dxi  dt

i=1

Definition 4.7.

Let us assume functions @, v : M — R, for which ¢(a) = y(a) and Ap = Ay forevery A €
T,M .Then these functions has coinciding differentials. We will denote this equivalence
class as d, .

Remark. If two functions have coinciding differentials, following equalities hold

e ¢(a)=vl(a)

. %0l _ ova)
ox! ox!

Theorem 4.8.

Space of all differentials 7 M is n—dimensional vector space, because following identities
hold

o (ds@)+(day) =da(@+ V)
k (da(P) = da (k(P)

This space is called cotangent space of M at a. Elements of this space are called covectors.

Theorem 4.9.

Tangent vectors at a coincide with linear maps 7, M — R.

Definition 4.10.

Let f be a map to a different manifold N and A = ( ) e T,M, where h is some path at

M. Then foh:I— N is a path at N and tangent vector df h(l‘)) =Y, ag)(c, a) dhl( ) depends
only on A. Therefore the map 7, f : TaM — Ty(y)N is llnear This map is called a tangent
map fata. Map T f: TM — TN, with T f = J,¢ps Tf is called tangent map f. Tangent

map is also denoted f.
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Theorem 4.11.

For composition of maps, following identity holds

T(gof)=(Tg)o(Tf)

Theorem 4.12.
If f: M — N is smooth map, sois Tf : TM — TN.

Theorem 4.13.

If M is m—dimensional submanifold in R”, then TM is 2m—dimensional submanifold in
TR" =R" x R"

Definition 4.14.

Rank of map f at a point a, denoted by Rk, f is a rank of linear map 7, f.

Exercise 4.15.

Consider the map f: R> = R, (x,y) = x> +xy+y> +1
1. Compute the tangent map f; : TPR2 = TypnR
2. At which points is f; injective?
3. At which points is f, surjective?

Solution.

1. First we evaluate the tangent map of the basis vectors

1. (i >:8f(19)£ :(3x2—l—y)£‘
dx|, dx  dt|y,) | f(p)

f*(z >:mz ~ (240 2]
IV, Iy It|y,) 9| f(p)

Because f* is linear map, this suffices to determine its action on arbitrary v € TPRZ.
The image of a vector ax% + aya% € Tp,M is

d d d
. (axa —I—aya—y> — 0 (3 4y) tar (35 +2)] o

f(p)

2. f. cannot be injective since dimR? > dimR.
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3. If f, 1s not surjective at a point p, image of any vector will be mapped to zero. Set
of such a points is given by

P={(x,y) ceR?: x+3y2:O,3x2—|—y:O}

After solving this set of equations we get P = { (—%, —%) ,(0,0) } Therefore, f is
surjective on R? / P

Exercise 4.16.

Let g: R? = R?, (x,y) — (x2y+y2,x—2y3,yex)

1. Compute g, ).

2. Find <4i—i> .

mnda gx ox dy 0.1)

3. Find conditions that o, o, o, must satisty for the vector (Ozx% + O@(% + O‘Za%) ©0)
2(0,

to be the image of some vector by g..

Solution. 1. As in previous exercise, we evaluate the tangent map on basis vectors,
which allows us to find the matrix of linear mapping. In this case the matrix is

2xy x242y
8x(xy) = 1 —0y 2
ye' e’
2. Let us now evaluate the tangent mapping on 4887 — a%
9 B 2xy x%+2y 4 8xy — x> —2y
8x (48_ — a—) = 1 —6y2 ( 1) = 4+ 6y2
X y X X - . X
(x,) ye e o) (x,y) (4y—1)e o)
3. The matrix of a tangent map at (0,0) is
00
g0 =110
01
and hence we obtain condition ¢, = 0.
o

Exercise 4.17.

Consider the curve o in R? defined by x = cost, y = sint, t € (0,7) and the map f : R? —
R, f(x,y) = 2x+y>. Find the vector v tangent to & at 7 / 4 and calculate vf.
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Solution. We have ¢’(t) = (—sint,cost), thus

O"(n'/4) = (?%—F?%)(

£.4)
Hence
: [ V2or V20f 2
(/%5 a8 ¢

Exercise 4.18.

Consider the path in R? given by o (1) = (x(¢),y(t)) = (> — 1,1 —t). Calculate o (¢) and
o’ (t) for r = +1. Compare the values.

Solution. We have
o(l)=0(-1)=(0,0)

For the derivative we have o’ () = (2¢,3¢> — 1). This gives us

The setting can be seen on a following figure.
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Figure 4.1: Path o () together with tangent vectors att = +1.
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Vector fields

Definition 5.1.

Vector field on M is a smooth mapping X : M — TM, such that po X = idy,

Definition 5.2.

Derivative in direction of a vector field X of a smooth function f :M - RisXf: M — R
given by (Xa) (a) = X (a) f, where X (a) is a derivation in direction of a vector X (a). In
local coordinates we have

n ) 0
Xf=Y X'(a) a_;]:i
i=1

Theorem 5.3.

For every pair of vector fields X, ¥ on M exists one and only one vector field [X,Y] on M,
such that for every function f on M, following identity holds

(X, Y]f =X (Y f)=Y(X[)

Such vector field is called Lie bracket of X, Y. This vector field has following coordinate
expression

L °) CANY) AN
x.¥]= ) (X o _YW)W

ij=1

Theorem 5.4.

For every k,/ € R and every vector fields X, Y, Z and for every function f on M, following
identities hold

kX +1Y,Z] = k[X,Z] +1[Y,Z]
X,Y]=—[Y,X]
X, V. Z]| +[v,[2,X]| +[Z,[X,Y]] =0
XYl =fIX, Y] - (Y /)X

Definition 5.5.
Vector fields X : M — TM and Y : N — TN are f—related if (Tf)oX =Y of.

_3]-



Vector fields 32

Lemma 5.6.

Vector fields X and Y are f—related if and only if for every function 4 : N — R, following
identity holds

X (hof)=(Yh)of

Theorem 5.7.

If X, X, are vector fields on M and Y;, Y» are vector fields on N such that X, Y] and X»,
Y, are f—related, brackets [X1,X5] and [Y;,Y;] are f—related as well.

Definition 5.8.

We say that vector field X is tangent to submanifold N if X (x) € TN for every x € N.

Theorem 5.9.

If vector fields X, Y are tangent to N, so is [X,Y].

Definition 5.10.
Path f: 1 — M is integral curve of a vector field X iff
df (z)
—= =X (f(¢
2 =X (£(1)

Remark. In local coordinates, we have X = ¥ | X (x) %, therefore every integral curve
X

of X is solution of a system of differential equations

'
i X' (xl, ...,x")

Note that right-hand side is independent of 7.

Definition 5.11.

For every x € M exists one and only one maximal integral curve f, : R D I, — M such that
fx(0) = x. Maximal means that I, can’t be extended anymore. Due to existence theorem
for differential equations we know that set

RxM>D 92X =] L x{x}
xeM

is open and we can define the flow of a vector field X as a smooth map

FI*: 92X =M, FIX(t,x)=FIX(x)=f.(t) .
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Definition 5.12.

If vector field X is complete, following identity holds for every #,x € R
FIX =FL o FIX

Remark. If X is not complete, previous theorem still holds for small enough ¢, s € R.

Definition 5.13.

Support of a vector field X is closure of a set of points where X is nonzero.

Theorem 5.14.

Every vector field X with compact support K is complete on any manifold M.

Definition 5.15.

k—dimensional distribution S on M is an assignment of a k—dimensional linear subspace
S(x) C T:M at every x € M.

Remark. Vector field X € Sif X (x) € S(x) for every x € M.

Definition 5.16.

Distribution S is smooth if for every x € M exists a neighborhood U together with k smooth
vector fields X, ..., Xy, such that vectors Xj (x),..., X (x) form a basis of S(x) for every
xeU.

Remark. From now on, we will assume smooth distributions.

Definition 5.17.

k—dimensional submanifold N C M is called an integral manifold of distribution S if
TN = S(x) for every x € N.

Definition 5.18.

Distribution S is integrable if for every x € M there exist an integral submanifold of S
containing x.

Definition 5.19.

Distribution S is involutive if for every X;, X, defined on U C M that belong to S, also
their Lie bracket [X;,X>] belongs to S.
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Theorem 5.20.

Distribution is integrable if and only if it is involutive.

Theorem 5.21.

Let S be an involutive distribution. Then for every x € M exists local coordinate system

y!,...,y" in some neighborhood U, such that 8%1, ey aiyk form a basis of S on U.

Exercise 5.22.

Let f:R3> — R be the C* function defined by f (x,y,2) = x%> 4 y? — 1, which defines
a differentiable structure on C = f~!(0). Consider the vector fields on R?

_ (42 d d 0
1. X=(x"—1) PR T

_ .0 d 290
2. Y =x3; +ya—y+2xz p
Are they tangent to C?
Solution. All we need to do is calculate the derivative of a function f in the direction of
a given vector field in every point of C. If the derivative is zero, the value of function does

not change in the direction of X and therefore the implicit equation f(x,y,z) = 0 will still
hold.

1.

—_— 2_ — —_— —_—
Xf= (x 1) Fp +xyay 4—xzaZ

=2 (x* +y"— 1)

We can clearly see that X f is zero when restricted to C, therefore X is tangent to C.

2.
_ L of a0
Yf_xax +yay+2xz oz
=2(x" +5°)

This vector field is not tangent, because Y f| c=2.

Exercise 5.23.

Consider the vector fields

d d
a_Z7Y:y8_y

on R? and the map f : R® — R, f(x,y,z) = x*y. Calculate:

d
X :xya +x?
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1. Is this distribution involutive?
2. [X,Y]10)

3. (X))

4. (Xf)(1,1,0)

- fe(Xa,10)

Solution. 1. First, we calculate the Lie bracket of vector fields. In practice, it’s very
useful to calculate the action of a Lie bracket on some test function f using following
identity

W

X Y] f=X{Y[f)-Y(Xf)
In our case, we get

J d p) p) P
[va]f: (Xya +x a—> ( 8§) — (ya_y> (XY£+X2£) _

—x28f+x I ﬂ 2‘9f 2y *f _xa_f
Yoxay T Yozay Pox Y oxay T ozay T Yox

We can clearly see that this distribution is not involutive. We can construct basis

B d 9 ,9
([X7Y]7Y7 [X,Y]+X) - (_xyyxvya_y;x 8_z>

in which all the vectors are linearly independent.

2. To calculate the value of a Lie bracket, we just evaluate it in the point (1,1,0), which
gives us

X 0= g
L1(1,1,0) 9x|(1.1,0)

3. (fX)(17170) :f(17 17O)X(1a1a0) = <%+‘%> (1,1,0)

4. (Xf)(1,1,0) = (xyaf +x2‘9f) - (g—f) (1,1,0) =2

(1,1,0)

Y

1
_ (35 af o _
5. fe (X10) = (ava—yva—J ‘1) =2

where ¢ denotes the canonical coordinate on R.

1
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Exercise 5.24.

Let us assume a vector field X = 2% — (% + 33%. How would this vector field look like at
R3 with

1. cylindrical coordinates (r,¢,z) given by

X =7rcos@
y=rsin¢
7=z

2. spherical coordinates (r, ¢, 0) given by

x=rsinOcos@
y=rsinfOsin@

z=rcosf
Solution.

1. First, we have to calculate the Jacobian of the transformation

cos @ —rsing 0O
J=1 sin¢g rcos ¢ 0
0 0 1

The field in cylindrical coordinates is given by

d 0 d
X :fl(’;(z)?Z)Eﬂ +f2(r7¢7z)_+f3<r7¢az)a_z

¢
Therefore
cos ¢ —rsing O N 2
sin ¢ rcos ¢ 0 Ll=1-1
0 0 1 Vi) 3

This gives us system of equations for components f;

f1cos@ — forsing =2
fisin@ + frrcos¢p = —1
f3=3

This system can be easily solved and the solution gives us following expression for
X in cylindrical coordinates

_ 2sin¢ +cos¢i+3i

, d
X:(Zcosq)—smq))a . 30 %z
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2. Just as in previous exercise, we start with calculating Jacobian

sin B cos ¢ —rsin 0 sin @ rcos 0 cos @
J = sinBsin¢ rsin 0 cos ¢ rcos 0 cos @
cos @ 0 —rsin @

In spherical coordinates is our vector field given by
d
¢

and thus we have to solve following system of equations

d d
X:fl(r,q),e);"_fZ(r,(]),e) +f3(7’,¢,9)%

sinBcos¢  —rsinBsing  rcosOcos¢ N 2
sin @ sin ¢ rsin 0 cos ¢ rcos 0 cos ¢ Ll=1|-1
cos 6 0 —rsin@ f3 3

After solving the system, we find that the components of a vector field are

f1=(2cos¢ —sin@)sinO +3cos 6
(2cos¢ —sin¢)cos O —3sin O
r
)

fa=
2 (sin@ — cos
3= .
rsin 0
o
Exercise 5.25.
For each vector field find its integral curves and tell if it’s complete or not
_Jd 0
1. X = (9_y + e"a—z
— a—xd
2. X=e xa—x
Solution. 1. To find integral curves, we have to solve following set of differential
equations
K(t)=0
Y()=1
Z/(t) _ ex(t)
The solution passing through the point (xo,yo,20) is
X (t) = xo
Y (1) =yo+1

7 (t) = e™t + 20

This is defined for every ¢ € R and thus is complete
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2. Differential equation for an integral curve of this vector field is
X (1) =1
therefore
e =¢4C
The integral curve passing through xg is
x(t) =log(r+€")

This vector field is not complete, it’s defined only for r > —e™0.

o
Exercise 5.26.
Consider the distribution 2 on R? determined by
0 2 2
x=9 4y 2 9, 0, W 9
ox 1+x*+y?0z dy 1+x2+y%0z
1. Is & involutive?
2. Calculate the local flows of X and Y.
3. If Z is involutive, find its integral surface.
Solution. 1. To find whether the distribution is involutive, we have to calculate Lie

brackets between basis vector fields. In our case we have [X,Y]| =0 € span(X,Y)
and therefore ¥ is involutive.

2. First we calculate the local flow of X. We immediately have x = xo +¢ and y = yo,
all that remains is z, for which we have
7 2(xp+1)

2 1+ (xo+1)2+3

The solution to this equation passing through (xo,y0,20) is

I+ (xF1)? 42
1+x3+33
This gives us local flow
L+ (e +1)% +y?
¢ (x,9,2) = (Ht,y,z T2y

Local flow for Y is obtained in similar way, the most helpful is to note that if we
switch x and y we get the same equations. The flow therefore is

1422+ (y+9)?
14-x2 +y?

Vs (x,9,2) = (x,y+s,z
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3. There are two ways to obtain integral manifold of a distribution. First way is to
simply compose flows, which will give us y (¢,s) = (W o ¢) (x0,y0,20)- This result
is, however, not very interesting. Better way is to look for a covector that annihilates
2. This covector would belong to a conormal bundle of the integral submanifold
and therefore it must be zero when restricted to a cotangent bundle of the integral
submanifold. That is, for example

o = 2xzdx + 2yzdy — (1 +x° +y2) dz
This covector can be further simplified
oa=zd(1+x*+y) — (1+x*+y*)dz=

:_(1+x2+y2)2d(;)

1+x2+)?
This covector will be zero if and only if we are differentiating a constant, therefore
IJFX++}12 = const.
o
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Figure 5.1: Integral submanifold and distribution ©.



Tensors and tensor fields

Tensors

In this part we will study algebraic properties of multilinear maps. All vector spaces will
be finitely dimensional.

Definition 6.1.

Consider r 4+ 1 vector spaces Vi,...,V,,W. A map
f:Vix---xV, =W

is called multilinear, if it is linear in every component, i.e. foreachi € I = {1,...,r} and
every set of vectors vi € Vi,...,vi_1 € Vi_1,vir1 € Viyq,...,v €V, we get a multilinear
map

f(vl,...,vi,l,—,viﬂ,...,v,) Vi W

The space of all such multilinear maps is denoted L(Vy,...,V,;W). In the special case

Vi=---=V,=V,wecall L (V, ... ,V;W) the space of all r-linear maps from V to W.

r-times

We can define vector space structure on L (Vy,...,V,;W).

Proposition 6.2.

For arbitrary multilinear maps f,g € L(Vy,...,V,;W) we define addition

(f+e)(viyeeevr)=f i, ov) g (Vi .oy vp) (6.3)
and for k € R we define scalar multiplication
(kf)(viyeooyve) =k(f(Viyeonyvr)) - (6.4)
L(Vy,...,V,;W) is a vector space with respect to this operations.

Special case of the previous definition is » = 1, W = R considered in the following
definition.

Definition 6.5.

Space L (V,R) of all linear functions on V is called dual space of V, denoted V*. Elements
of dual space are called linear 1-forms or covectors. Space (V*)* is called second dual
and is denoted V**.

_4]—
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Proposition 6.6.

For every finite dimensional vector space V (non-canonically) holds V = V* and (canoni-
cally, using evaluation map) V = V**.

Remark. The notion of a canonical isomoprhism in the previous proposition means that
given all the isomoprhisms of a finite dimensional vector space there is a unique one which
is independent of a chosen description of the abstract vector space.

Definition 6.7.

We define for a vector space V it’s r-th tensor power, Q" V, as a space of all r-linear maps
from V* to R, i.e. .

Q) Vi=L(V*...,V:R) .
Elements of ®"V are called tensors of order r, r-th order tensors or simply r-tensors.

Picking a basis {ej,...,e,} in V determines coordinate descripition of a vector v with
respect to this basis, v =Y V'e; (note the position of coordinate indices) where n is
dimension of V.

Definition 6.8.
We define dual basis {d',...,d"} in V* by equations

, , 1 i=j
d(e;))=08= : 6.9
I-form u € V* can be described in dual basis coordinates followingly
n
u=Y wd (6.10)
i=1
(note the position of coordinate indices) and for arbitrary v € V we have
n
u(v) = Zu,-v’ : (6.11)
i=1
Let us recall that every vector v € V can be understood as a 1-form on V*
v:V* >R
Definition 6.12.
We define tensor product vi ® - -- @ v, of a set of vectors vy,...,v,

ne--ovye @V
by prescription of a value on r-tuple of 1-forms
(Vi@ @v)(ur,.yur) =ur(vi) - ur(vr) €R, (6.13)

where u;(v;) is value of vector v; on 1-form u;.
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we proceed by introducing tensor product of arbitrary r-tensor and s-tensor over V.

Definition 6.14.

For arbitrary A € ®"V and B € ®*V we define tensor product A®@ B € @'V by pre-
scripiton of value on r 4 s covectors

(ARB) (uyy... upys) =Auy,...,uy) Bluy,...,us) . (6.15)

Definition 6.16.

r-linear map A is called symmetric if the following hold

A(vl,...7vr) ZA(VG(I),...,VG(,,)) (617)

for arbitrary permutation ¢ € P,, where P, is the group of all permutation of some r-element
set.

Definition 6.18.

Subset S’V C ®*V of all symmetric r-linear maps from V* to R is called r-th symmetric
tensor power of V.

Proposition 6.19.

r-th symmetric tensor power S"V is a linear subspace in ®" V.

Definition 6.20.

We define symmetrization of a r-linearmap A: V* x --- xV* - R
Sym: ®rV — SV

by the equation

1
Sym (A) (u1,...,u,) = 5 Y A(ug(ys--suo() - (6.21)

*o€pl

Definition 6.22.

r-linear map A is called antisymmetric or alternating if for any given permutation ¢ € P,
the following holds

A(vl, cen ,Vr) = sgn(O')A (VG(1)7 ce. vVO'(r)) y (623)

where sgn(0) is the sing of permutation.
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Remark. Symmetric/antisymmetric tensor can be recognized by the following property. In-
terchanging two arguments of this multilinear maps change/reverse the sign after evaluation
(with respect to the original value).

Definition 6.24.

Subset A’V C @"V of all antisymmetric r-linear maps from V* to R is called r-th exterior
tensor power of V.

Proposition 6.25.

r-th exterior tensor power A’V is a linear subspace in "V

Definition 6.26.

We define antisymmetrization of a r-linear map A: V* x--- xV* - R
Alt: 'V = AV

by prescription

1
Al (A) (u1, ... up) = = Y sgn(0)A (ug(ry, - tig(r)) - (6.27)

|
r cEeP,

Remark. For A € ®*V we have Sym (Aij) (Aij +Aj’) and Alt A’] = l Al —Af’
Consequence of this in the special case r = 2 1s decomposition of A = A’J ﬁ in terms of
symmetric and antisymmetric part

A = SymA + AltA (6.28)
. 1, .. 1 y
(AY) = > (A7 +AT) + 3 (A —AT) (6.29)
Definition 6.30.
Given vq,...,v, € V, we define exterior product of vectors by
VIA- A=AtV ®---Qv,) €AV . (6.31)
Theorem 6.32.

For each o € P, the following holds
Vo(1) N\ AVe(r) =sgn(0) - viA--Av,. (6.33)

Definition 6.34.

We define exterior product of tensors A A B € A" for arbitrary A € A"V, B € A*V by
prescription

ANB=AIt(A®B) . (6.35)



Tensors and tensor fields 45

Theorem 6.36.
For A € A"V, B € A’V the following holds

AAB=(—1)"BAA. (6.37)

Remark. Consider a vector space V with a chosen basis & = {vy,...,v,} and a vector space
W with a chosen basis . Let us recall that linear map f: V — W can be reprezented, with
respect to these basis, as a matrix (ai.) (where i is row index and j column idex). Value ag.
is coordinate descripiton (with respect to @, ) of f and is given by the i-th coordinate(in

B) of the image of j-th basis vector of a, i.e. (f(v;))".

Definition 6.38.

Dual map of a linear map f: V — W
ffowr—=svr
is defined by equation
[T ) v) =u(f()) (6.39)

whereveVauec W*.

Definition 6.40.

We define r-th tensor power of amap f: V — W
RV R W
by a prescriptionon A € Q" V

(A: Vi xV 5 R)— (Ao (f*x - x f*) : W x -+ xW" - R) .

Theorem 6.41.
The following holds: (®"f) (S"V) C SV and (®"f) (A"V) C A'V.

Remark. Notice that A"R" is a space of dimension 1 which can be deduced from con-
structing a basis and using elementary combinatorics to compute number of vectors in it.
Particularly, every A € A"R" is defined by only one coordinate A'".

Theorem 6.42.

Let f = <a§.> : R” — R" be a linear map and A € A"R". For image B = ®" f(A) of induced
map ®" f: A"R" — A"R" the following holds

B+ = det (af) A" (6.43)
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Definition 6.44.

Tensor power of type (r,s) of a vector space V is defined as a space of all multilinear maps

L{v*....v.V,... ViR
—_——— ——
r-krat s-krat

and is denoted @V or Q" V @ ®°V*. Elements of this space are called mixed tensors.

Remark. Two special cases of the previous definitions are » = 0 and s = 0 which corresponds
to ®"V and @’ V*. Elements of these spaces are called pure or unmixed tensors.

Analogously as in the previous part, we can define tensor product of two vector spaces
using multilinear maps.

Definition 6.45.

Tensor product V @ W of vector spaces V,W is given by
VoW =L(V*W"R) . (6.46)

Remark. Special case W = V* of the last definition yields ®% V.

Lemma 6.47.

There is a unique linear map
1
C: Q,V—R

such that for every element of the form v®u, v € V, u € V* the following holds
Cveu)=u(v). (6.48)

Using map C from lemma 6.47, we can define a generalization of the matrix trace,
called contraction.

Definition 6.49.

For A = (A’]) € ®1V we define contraction of (1,1) tensor as a value given by
n .
CA)=) A;. (6.50)
i=1

Remark. If we understand A as a matrix then C(A) is the matrix trace.
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To define contraction on general (r,s) tensors we use the following idea. Given arbitrary
Ac (X)} V, we can fix one of arguments of this bilinear map, thus, getting a linear map

A:V*xV =R /
\‘ Alu,—): V—-o>R~>A(u,—) € V*

In this manner, using v € V or u € V*, we can restrict domain of the tensor, i.e. A —
A(—,v) € ®(1)V orA— A(u,—) € ®(1) V, hence, lowering the tensor order. Similarly, for
tensor A € @V we can fix all of it’s arguments but those on positions k, [, where 1 <k <r
and 1 <1 <s, and get anew (1,1) tensor A

A(=): VF 5 R~A(—,v) €V

1
A(_v_) :A(I/t],...,Mk,—,I/tk+1,...,Ltr,V],...,Vl,—,V[+1,...,Vs> € ®1V .

Then, we can apply contraction defined in 6.49 on A leading to the definition below.

Definition 6.51.

For A € Q;V the contraction Cf‘ (A) of tensor A to k-th upper index and [-th lower
index by prescription

CH(A)=C(A) . (6.52)

Remark. Contraction to k-th upper and /-th lower index can be seen as the trace of mapping

A. ForA = (A’j‘l'."’_’j’.r) we can write contraction in coordinates as follows

n
k o i.. he. iy
C/(A) = hZ.Ajl...h...jn (6.53)
where the summation index 4 is on the k-th position of upper and /-th position of the lower
multiindex. The operation of contraction can be iterated whenever condition r, s > 2 is
satisfied.

Tensor fields

Firstly we define cotangent bundle 7*M which is a necessary step to define general tensor
fields, since, tensor powers of tangent and cotangent bundle is ambient space of tensor
fields. We have met tensor bundle 7M already in the fourth chapter of this text. As a set,
TM is given as a union of tangent vector spaces, i.e. TM = J,c) I:M. Structure of a
smooth manifold is inherited from the underlying base manifold M. Analogously for 7" M.
As a set, it is a union of cotangent spaces

"M =) )M, (6.54)
XeEM
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equipped with projection on the base manifold
n:T°M M ,T;M v x. (6.55)

For open set V C R” it holds that 7*V =V x (R")*. Given local chart ¢: U — V on
M, we have a tangent map T,¢: TM — Ty)V = {@(x) x R"}, x € U and a dual map
T o: {o(x) x (R")* — TM. Mapping T;¢ is a linear isomorphism, thus, the dual is
invertible with inverse (T*) ' @: T*M — {@(x) x (R")*. Taking union over all points
x € U yields bijection (T*) ' ¢@: 77 (U) = V x (R")* which can be used to lift open
subset from V x (R")* up to 77! (U) and get a basis of topology on T * M. Therefore,
we see how to introduce structure of topological space on T*M. Similarly, we introduce
smooth structure using transition maps @1, : Vi — V21 of the atlas on M by point-wisely
considering inverse of tangent map dual, i.e. T @2: Vio x (R")" — V51 x (R")*. Transition
maps 7,7 @12 are of class C*, due to ¢, are C™ maps. Thereby, 7*M is a smooth manifold.

Definition 6.56.
Manifold T*M is called cotangent bundle of a manifold M.

Remark. Givenasmoothmap f: M — N between manifolds there is a tangent map atx € M.
In case of function f: M — R on a manifold, the tangent map is 7y.f: .M — T,R = R.
Using dual map (7f)" we can define assigement x — (df)(x) := (T.f)", i.e.

df: M —T*M ,
x = (df)(x) .

Map df is called the differential of a function f. Value of differential at x is the dual to
tangent map of f at a point x.

The next step on our way to defin tensor fields is bundle tensor product of tensor power
TM a T*M. Similarly as in case of cotangent bundle we can show that this space can be
equipped by a smooth manifold structure using base manifold M.

In preceding section we have seen how to construct tensor powers of a given vector
space V. Thus, let r, s be arbitrary and define V = T.M, x € M. Having Q;T,M =
Q"' TM @ Q° T M we can define the following set

R M=) Q. M (6.57)

xeMm

which is equipped with a projection map p: @;TM — M by the virtue of A € Q;TM
being defined over some subset S C M, i.e. p(A) =S, which is true for arbitrary A. Also,
for a given V C R” we have

R.TV=Vx R R".

Thus, for a local chart ¢ : U — V we can construct point-wisely induced bijective map

(" (Te)) @ (* (T ) ) : p7' -V x ®:R” . (6.58)
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This map is a local chart and induces topology on @ 7M. Basis of topology is given by
inverse image p~!(U) of open subsets U C V x @’ R". Finally, a smooth transition map
@12 between two overlaping charts on M induces smooth transition map (®" (T),) ®

(®S (T*(plg)_l) between charts 6.58, hence, obtaining smooth manifold structure.

Definition 6.59.
Manifold @} TM is called tensor bundle of type (r,s) of M.

Now we can easily define the notion of a tensor field on manifold as a smooth section
of a tensor bundle.

Definition 6.60.

Smoothmap A: M — @’ TM satisfying poA = idy;, where p is the projection from general
tensor bundle on the underlying manifold M, p: Q;TM — M, is called tensor field of
type (r,s) on M.

Remark. Tensor field A on M of type (r,s) can be described in local coordinates (xi) by

smooth functions A’1 ’} (x). Value of tensor field at a given point x € M is a tensor. Field
contains the 1nf0rmat10n of smooth change of the tensor when moving from point to point.

Definition 6.61.
Let f: M — N be a smooth map. A map between tensor bundles is defined point-wisely as
QTf=J&Tf K TM— R TN, (6.62)
xeM

where®' Ty f: Q" TuM — @ Ty(y)N is tensor power of (linear) tangent map 7. f in the
sense of 6.40.

If we wish to define induced mapping in the opposite direction, i.e. between tensor
powers of cotangent bundles we must realize that the tangent maps are not bijection in
general. Hence, let us proceed as follows. Consider surjective smooth map f: M — N and
tensor field A of type (0,s) on N, i.e. A: N — Q,TN. By surjectivity of f there is for
each y € N the inverse image x € M, f(x) =y and a tangent map at x, 7,.f: .M — T,N.
A is a multilinear map A(y): TyN x --- x T,N — R ty and we can compose it with (7, f)*

s-gét
which is defined standardly
(L) = | Tfx-- ><Txf : TeM X ><TM—>TN>< X TyN .
s-krdt s-krdt s-krdt
We get commutative diagram
(T:f)
TMx---xTM IyN x --- X TyN
AW)o(Tef)" ™ ~ Ay)
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in which we see that a field A on N induces along f a new filed on M, leading to the
following definition.

Definition 6.63.
Consider A € @, TN and a smooth surjective map f: M — N. Pullback of A of type (0, s)
along f is defined point-wisely as

FAR) = A(F() o (Tef) (6.64)

New field of the same type (0,s) is denoted f*(A) and at a point x € M defines a tensor
f*(A)(x). Especially, for a tensor field of type (0,0), i.e. a function g: N — R we define
ffe=gof: M —R.

Lemma 6.65.

Letg: Q — M and f: M — N be smooth maps. For pullback of a tensor field A € Q, TN
the following holds

(fog)" A=g"(f"A) . (6.66)

Definition 6.67.

Differential k-form on M or exterior k-form is a antisymetric tensor field of type (0,k)
on M, i.e. atensor field A: M — A*T*M which is at every point of M antisymetric tensor.

Definition 6.68.

For a differential k-form A: M — A*T*M and [-form B: M — A/T*M we define point-
wisely their exterior product AAB: M — AKHT*M

(AAB)(x) :=A(x) AB(x) . (6.69)

Remark. In the special case of f being O-form on M (i.e. a function) equation f NA = fA
holds. Put differently, exterior product of a function with a form is given by multiplying
the function with the form.

Theorem 6.70.
For a smooth map f: M — N and differential forms A, B on N the following holds

F(AAB) = (ffA)A(f'B) . (6.71)

Let us denote the space of all differential k-forms on M by symbol Q*M. Especially
for k = 0, Q°M = C* (M, R) is the space of all smooth functions on M.
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Exercises

Exercise 6.72.

Prove statement 6.6 and describe canonical isomorphism between vector space V and the
second dual space V**.

Solution. Let us recall the definition of dual space V*. It is a vector space consisting
of linear 1-forms on V, i.e. linear maps from V to the underlying field of scalars. In
our case (we work only with real space) V* = L(V;R) = {u: V — R| u je linedrni}. The
dualization proces in case of finitely dimensional spaces preserves the dimension. This can
be deduced by constructing basis on V*. On a dual space, there is a dual basis defined with
respect to basis {ei,...,e,} on V by requiring f*(e;) = &} (where &} is Kronecker delta).
Dual basis {f L "} has the same number of elements as the original basis on V, thus,
n = dimV = dimV*. Using dualization again yields V** = {o: V* — R|a je linedrni}
having the same dimenision n. Hence we know that V = V** and it remains to describe
the canonical isomorphism. Every (immutably chosen) vector v € V can be understood as
a linear 1-form on V* because for any u € V* we have the following prescription called
evaluation

Ev,(u) =u(v), (6.73)

sending u: V — R on the corresponding value at v. Linearity of Ev, follows from linearity
of 1-form u, thus, Ev, € V**. So, we can assign element of second dual space to eachv € V

Ev:V — V™, (6.74)
vi— Ev, (6.75)

and this assignement is unambiguous - injectivity comes directly from 6.73: Ev, =0 =
u(v) =0Vu € V¥ = v =0. Therefore, Ev is isomorphism as it is injective linear map
between vector spaces of the same dimension. Moreover, evaluation map is independent
of a choice of basis on V and V**, thus canonical. o

Remark. Dualization (—)* can be seen as a map from the class of all vector spaces to itself
which sends arbitrary vector space to it’s dual. Moreover, this map satisfies definition
categorical notion of functor, conrcetely endofunctor of the category Vect of all vector
spaces over a given field of scalars. We can, then, describe the fact that Ev is canonical
using notion of natural isomorphism of second dual functor, (—)**: Vect — Vect, with
identical functor on Vect.

Exercise 6.76.

Using tensor powers of real vector space V describe the following spaces.
1. Space of scalars R.

2. Space of vectors V.
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3. Space of 1-forms V*.
4. Space of bilinear forms on V.

5. Space of inner products on V.

Solution. 1. Space of scalars R can be described as a 0-th tensor power. According to
definition 6.7 we have

0
Qv=L|V*...,V5R
N——
0-krat
Let us recall that from definition of multilinearity follows that with respect to every
set indexing the domain product space there are certain conditons that must be
satisfied (put differently: certain axioms must be satisfied in every component of
the product). Our index set is empty, hence, no condition will be violated by any
map. Therefore, we can say that every map with domain being empty product is
linear. Furthermore, from set theory we know that product over empty index set
corresponds to one element set

Vix .o x V= {x}
—_——
0-krat

and the set of all maps from one element set to R is R itself. So, we have

R'V=R.

2. Vector space V is the first tensor power. Due to indentification V = V** stated in 6.6
we can directly, with respect to definition 6.7, write

1
Q) V=LV5R)=V"*x2V.

3. Space of 1-forms on V* can be describd as the firs tensor power ovec the dual space V*
which can be shown by comparing dimensions. In previous part we got @'V =V,
thus ®' V has the same dimension as V. Here V is an abstract vector space, so, we can
choose arbitrary vector space and the equality of dimensions will still hold. Aplying
this idea on the dual space V*, the following must hold dim (®1 V*) =dim (V*).
Since we know that finitely dimensional vector space having the same dimension are
isomoprhic, we conclude

1
XR,V=Q Vv =v".
It is likely that it came up to mind of the reader to solve this exercise similarly as the
previous part, directly from definition 6.7, i.e.

1
Q) V =L(V*R)=L(V;R)=V".

Being our wish to be precise we ought to examine the isomorphism L ((V**;R) =
L (V;R) which is not so clear to be true at the first glance eventhough, it is expectable.
To show this we can use the universal property of tensor product which is part of
categorical definition of tensor product.
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4. Space of bilinear forms on V, i.e. bilinear maps from V x V to R, can be seen as the
second tensor power, which follows straightly from definition 6.7.

Bilin (V;R) = {B: V xV — R| B je bilindrni} = (X),V .

5. Space of inner products on V can be described as a factor space of the second
tensor power by a suitable subspace (or generating relations). Inner product is
a positive definite symetric bilinear form (we can meet definitions that does not
require pozitivity which we would called pseudo-inner product). Let N =< u®v —
vQulu,y € V* > N C @,V be linear subspace. The space of all inner product on

V can be written as (®Q, V) /N.
o

Exercise 6.77.

Prove the formula 6.11.

Solution. Let {ey,...,e,} be basis in V and {d|,...,d,} dual basis in V*. With respect to
these basis, we can write v € V in coordinates as v =Y ;v'e; and u € V* has coordinate
descripiton Z?: (ujd’. Given linearity of 1-forms, in coordinates we have

j=1 i=1 i=1

i,j=1 i,j=1

which was intended to be shown. o

Exercise 6.78.

Show that for r-tensor ¢ of the form a@ =v; ® --- ® (av; + bV;) @ - - - @ v, Where a, b are
scalars, the following holds

0=a(V® RV Q) +b(v® RV, Q- QV,) . (6.79)

Solution. Inserting arbitrary argument (uy,...,u,) in definition 6.13 we get by simple
computation

o (uyy...oup) =vi(uy)...(avi+bv)(u;) ... v (ur)
=vi(ur)...(avi(u;) +bvi(w;)) ... v-(ur)
=avy(uy)...vi(u;)...ve(up) +bvi(uy) ... v(u;) . ..ve(uy)
=av|® - QVi®- - Qv (Ul,..., uy) +bV @ - RV @@V, (uy,...,u)

This reslut is true for arbitrary (uy,...,u,), thus, 6.79 holds. o

Exercise 6.80.

Give a coordinate description of tensor product of two vectors v,w € V, where dimV = 2.
Let A be a matrix 2 x 2. Determine the space to which element of the form A ® v belongs.
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Solution. 1. Let {ej,es} be basis in V, with respect to which we write v = v'e; +
vzez, w = wle; +w2ep. Product v@w is element of ®2V. This space can be
described using basis {e] ® e],e] @ e2,e2 R e,ea @ ey }. Then, with accordance to
6.79 the following is true

veow= (v + v2€2) ®(w'ey +wler)
= vlwlel Qe+ V1W2€1 X ey + vzwlez Xeq+ V2W2€2 X ep

In coordinates we have v@w = (vlw1 vin?, vzwl,v2w2).

2. Matrix 2 x 2 can be seen as a tensor of type (1,1),i.e. A € ®% V. In second part of
previous exercise 6.76 we have seen that element of vector space is also element of
the first tensor power: v € ®'V. We conclude that AQ v € ®% V.

o

Exercise 6.81.

Using basis € = {ey,...,e, } in V construct basis in r-th tensor power "V and determine
dimension of this space. Also, consider element A = v| ® --- ® v, where all v; belongs
to V and describe it in coordinates. Also, find coordinate description of B € ®"V and
Ce®,V.

Solution. We have seen in exercise 6.80 basis for @ V. Analogously we can proceed in
case of ®"V. Basis o = {e;, ®---®eir|e,~j eV, 1<i <n,...,1 <i, <n} consits of
tensor products of r basis vectors in V. On the i-th position of product we can choose
arbitrary basis vector and the choice may be repeated on more positions at once. Thus,
there are n posibilities of how to choose e; on each of r positions and dimension of "V
(i.e. number of elements in @) is 7.

In the next step we describe vectors defining A with respect to €. For arbitrary v; we have
Vi = Z’J’-:l v{ e;. Inserting this expression in the product we get

Zv{ej R ® Zv{ej = Z vl e, @ e, (6.82)
j=1 j=1

1<ii <n,...,1<i,<n

!
Coordinates of general tensor B, which can be given as a sum of simple tensors (e.g.

B=vi® - ®v)+ (V] ®---®7,) can be computed (viz 6.79) by adding coordinates
of simple tensors in the sum. Therefore, B has on position ij ..., coordinate Bitir =
Vi ..V 9 ... 9" Analogously we write, in the same manner as in case of vectors or
matrices, coordinate description of tensor in round brackets B = (B'"), i.e.

which shows us that coordinate of A with respect to &, on position ij...i, is v’il /S

B— Y Blire; @ ®e;, (6.83)
1<i;<n,...,1<i,<n

Similarly for C € ®,V. Basis & on ®,V can be constructed from dual basis {d L...,d"},
o0={d"® --@ds|dieV* 1<iy<n,...,1 <i. <n}. With respect to & we have
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C= (Cil--~is)’ 1.e.

C= Y Ci.id"®--@d"s. (6.84)

1<ii <n,...,1<i,<n

Exercise 6.85.
Given A € Q" V and B € @'V arbitrary, find coordinates of r+ s type tensor A ® B.

Solution. Coordinates of A with respectto ot = {e;, ®---®e;.| 1 <iy <n,...,1<i, <n}
are A = (A"'r) and coordinates of B withrespectto f = {e; ®---®e; |1 <ij <n,...,1 <
i <n} are B= (B/l/s). Coordinates of product A® B are (A'1-"'rB/1-+Js) which follows

directly from 6.79. o
Exercise 6.86.

Given A € @'V determine value of A(uy,...,u,), i.e. evaluate A in arbitrary argument
(u1,...,ur), where (necesarily due to definition of A) u; € V* for all i.

Solution. We already know that w e can choose basis & = {¢;, ®---®e;, | 1 <ij <n,...,1 <
i, <n}on@"V and with respect to this basis writte A = Y1 <; <..<; <, A"""e; ® - Re;,.
Applying the defining equality 6.13 for each summand of the sum yields

A(ul,...,ur): ( Z Ailmireil®"'®ei,)(ul7~~aur)

_ Z (Alll...l.rel.l®...®eir(ul’_,_,ur))

1<ii <n,...,1<i,<n

= ) (A"rey (ur). .. (ur))

1<ii<n,...,1<i<n

=Y (A )

1<) <n,...,1<i<n

where ”/&I is coordinate of vector uy on i j position. o

Exercise 6.87.

Describe in coordinates arbitrary antisymetric tensor B € A"V. Prove the following
Bi+ir = sgn(o)Blo)let) | (6.88)
where o is arbitrary permutation of set containing r-elements.

Solution. In exercise 6.81 we described a basis on r-th exterior power of V, specifically
o={ej N---Ne;, |1 <ij <---<i, <n}. Coordinate description of B € A"V with respect
toxare B=Y|<j <..<i<n Bl """eil A---Ne;.. Consider new set of generators f = {ea(il) A
ERWA eG(,-r)|1 <i; <:--<i, <n} where o € P, is a chosen permutation. This set is again
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a basis in A"V and due to theorem 6.32 is the difference between eg(; ) A+ -+ Aeg(;,) and
ei, \---Ae; given only by sign. Then, B can ber written with respect to this new basis as
B=Y<icciy<n BCWeq A Neg;). Since every tensor is, in the same manner
as vector, a geometrical object, it is independent of our choice of decripition (basis in which
is described), thus, the following equation holds

1<iy < <iy<n 1<i) < <ip<n

Right-hand side of the equation can be rewritten using 6.32

Bil'"ireil N---Nej, =B = Z Bc(il)"'c(i’)sgn(d)eil N---Nej, .
1<iyj<-<ir<n 1<iyj<-<ir<n
Simple comparison of coefficients yields the result Bl-r = sgn(G)BG(il)"'G(i’). o

Exercise 6.89.

Determine pullback of the following forms on R3: @ = xyzdy, 8 = @ A (e"dx + e”dy) and
p = dx AdyAdz along map f: R? — R3 (u,v) — (u?,2uv,e"").

Solution. Consider coordinates x,y,z on R and corresponding dual coordinates dx,dy,dz
on cotangent bundle 7*R> with respect to which we have written @, 0, ut. Note that unlike
the case of general manifold, these coordinates are defined globally and descripition of
above forms holds on the whole R3. To compute pullbacks we shall use 6.70. Also, we
will need the commutativity of d with pullbacks, i.e. f*(da) =d(f* o). This property is
discussed in the next chapter and holds true for arbitrary forn ¢. Also note that f* is linear
which is a direct consequence of definition of pullback 6.63. Let us compute

o= f"(xyzdy)
= u2uve™ (d(2uv))
= 2 ve" (2vdu + 2udv)

= 4u3v¥ e du + dutve™dv .
Further, given f*60 we have
o= (on(fdx+e'dy)) = ffo A f*(fdx+e'dy) .
Since we have already computed f*, it is enough to compute the second factor

fr(efdx+e'dy) = e 2udu + &2 (2vdu + 2udv)
=2 <e“2u + ezwv> du+ 2ue*™dy .

Substitute this result together with result of f*® in f*0 gives

o= (4u3vzewdu + 4u4ve’”dv) A (2 (e”zu + ezwv) du+ 2uezuvdv) .
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Multiply bracketed terms and omit terms with dot A dot since 1-forms anticommutes du A
dv=—dvAdu

150 = 8u*v?e ™ du A dv + 8utve™ (e“zu + ez’”v>
= —8uve T dy Ady .

Before proceeding to the last part of computation, let us estimate the outcome. Form
u = dxAdyAdzis a3-form on R3. Because every (n+ 1)-form on n-dimensional manifold
vanishes and pullback preserves order of form we expect the 3-form f*u on R? to be zero.
Indeed

ffu=f*(dxAdyAdz)
= d(u*) Ad(2uv) Add(e™)

= 2udu A2 (vdu + udv) Ae"” (vdu + udv)

—_—— —_——
o o

=4uedunoaNo=0.
0
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Exterior derivative

In the first part of this chapter we introduce important operation on the space of differential
k-forms (shortly k-forms). We recall that a function f: M — R can be seen as a O-form
and differential df is a 1-form. We will use notion of R-linearniho zobrazeni as a map
which is linear with respect to real numbers (as we did implicitly so far).

Theorem 7.1.

There is a unique R-linear map d: QXM — Q*t1M, k=0,1,...,n such that the following
conditions hold

1. given a function f € Q°M, df is differential of the function
2. d(@A @)= (doAe)+(—1)*(wAde) for o € QM, ¢ € Q'M,

3. for each function f € Q°M holds d(df) = 0.

Definition 7.2.

Map from theorem 7.1 is called exterior derivative.

Remark. Exterior derivative is operation which asigns to each k-form a (k+ 1)-form. Note
that for a function f we have f A @ = f® which, aplied on the second condition in theorem
7.1, gives d(fw) = df AN @+ fdw. Next important observation here is the fact that all
three properties of the above theorem holds also for restriction of forms on arbitrary open
subset U C M which can be efficiently used to prove the theorem in local coordinates.

Theorem 7.3.

For each k-form @ the following holds

d(dw) =0 . (7.4)

Theorem 7.5.

For every smooth map f: M — N and every /-form @ on N the following holds

d(f*0) = f*(do). (7.6)

—58—-
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Definition 7.7.

k-form @ on M is called closed if dw = 0 is satisfied. We call @ exact if there is a (k— 1)-
form ¢ such that dp = .

According to theorem 7.3 we can immediately see that each exact form is closed.
Theorem below is about the opposite implication and is, due to historical reasons, often
stated as lemma. It is an important result describing relation between exact and closed
form.

Theorem 7.8.

(Poincaré Lemma). Let @ € QFR” be such that dw = 0 is satisfied. Then there is
a @ € Q¥ IR” such that @ = de.

Remark. The theorem above states: every closed k-form on R” is exact. Let us note that
Poincaré lemma is often formulated in more general form, using topological notion of
simple conectendess.

Theorem 7.9.

Let w be closd 1-form on R” such that for functions f,g on R”, df = @w = dg holds. Then
g=f+c, ceR

Proposition 7.10.

Let Z¥M be space of all closed k-forms on M and B*M space of all exact k-forms on M.
Then the following holds

1. Both Z¥M and B*M are vector space

2. BFM is a vector subspace in Z¥M.

Definition 7.11.

Vector factorspace H*M = Z*M /B*M is called k-th de-Rham space (or k-th de-Rham
cohomology group) of manifold M. For k = 0 we set H'M = Z°M. Element of H*M is
denoted [®].

Remark. Representants of class [@] € H*M are of the form ® + d¢, where @ is closed
k-form and ¢ is (k— 1)-form.

Theorem 7.12.

Let f: M — N be smooth mapping, ® € ZKM. The prescripiton
o) =[f o] (7.13)
defines linear map f*: H*N — H*M.
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Theorem 7.14.
Let f: M — N, g: N — P be smooth maps. The following holds
(gof)f =rtog". (7.15)

The next theorem shows how we can use de-Rham cohomology to distinguish two
manifolds.

Theorem 7.16.
Let f: M — N be diffeomorphism. Then f*: H*N — H*M is a linear isomorphism.

In ?? we introduced an algebraic object (vector space H*M) on a manifold M to obtain
new information about the manifold. Subsequent lemma and corresponding theorem
show that algebraic structure defined on M can be further enriched with a certain type of
multiplication derived from exterior product.

Lemma 7.17.
Consider @ € QM and ¢ € Q/M.

1. If @ and ¢ are closed then @ A @ is closed.

2. If w is exact and ¢ is closed then @ A @ is exact.

Theorem 7.18.

Letw € H*M, @ € H'M. The rule [®] A [@] = [@ A @] defines a bilinear map H*M x H'M —
Hk+lM.

Definition 7.19.

Let dimM = n and consider the direct product of vector spaces HM = HOM @ --- @ H"M.
Take elements @, @ € HM which can be written in the form of a formal sum @ = w; +
s Wy, @ = @1+ -+ @, where w;, ¢; € H'M for all i. We define the product on HM

ONP = (014 + ) A (@1 +--+ @) - (7.20)
We call HM with respect to this product the de-Rham ring of manifold M.

Remark. In product (@ +---+ @,) A (@1 +--- + @) it can happen that for w;, A ¢;, and
;, \ @j, equality ij + j; = ip + j» holds. In such case both element are to be summed.
Note that if inequality i+ j > n holds for omega; + @; then the result of product vanishes.

Theorem 7.21.
Let X,Y be vector fields on M, @ € Q'M. Then the following holds

doX,Y)=XoY)-YoX)—-o(X,Y]) . (7.22)
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Remark. Let us investigate the formula 7.22. ® being 1-form means that we can evaluate
it on a vector field to get a function, which further on can be differentiated in direction
of a vector field. This is the meaning of X@(Y). The symbol [X,Y] is a value of the Lie
bracket on two vector fields which is again a vector field and, thus, can be evaluated on a
1-form, which is denoted by @ ([X,Y]). Finally let us point out that de is a 2-form and has
two vector fields as it’s arguments for which we write dow (X,Y).

Integration of differential forms

Integration of differential forms is closely related with notion of orientation of a manifold.
In case of vector spaces, orientation is defined by a choice of base. We say then, that
this basis is positive (or negative) and every other basis related to the chosen one by
a transformation matrix with positive determinant is a basis with the same orientation.
Every other basis (related with the chosen one by transformation with negative determinant)
is said to by negative. This definition can be extendend on manifolds using tangent spaces.

Definition 7.23.

By orientation of manifold M we understand such a choice of orientation of all tangent
spaces that given a € M there is a local chart ¢: U — V, a € U such that %|x, e %\x
is a positive basis in 7,M for all x € U.

Theorem 7.24.

There are at most two orientations on a connected manifold.

Remark. Unlike the case of vector spaces, neither definition 7.23 nor theorem 7.24 ensure
that there is a global orientation on a manifold. Thus, we define the notion of orientability.

Definition 7.25.

Manifol on which there is an orietation is called orientable. In other case we call manifold
non-orientable. Orientable manifol with chosen orientation is called oriented.

Definition 7.26.

By standard n-dimensional simplex (or just n-simplex) A, C R" we understand subset
given as a solution of rozumime podmnoZinu zadanou rovnici X4t < I,xX*>0Vi=
1,...,n. Subset s; C A, satisfying x' = 0 is called i-dimensional face of A, (or shortly i-th
face of A,) and subset satisfying x! + - -- +x" = 1 is called O-th face.

To be able to view simpleces as geometrial objects which does not necessarily lie in the
first hyperoctant of coordinate system we introduce more general definition, encapsulating
the same idea.
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Definition 7.27.

Subset D, C R" is called k-dimensional siplex, k < n if there is such a affine coordinate
system y!,...,y" in R” in which Dy is given by y*T1 =0,... y" =0, y! +-- -4y <1, y/ >
ovi=1,...,k.

Remark. Dy is standard k-dimensional simplex in affine subspace given by equations y**! =
0,...,y" = 0 which can be identified with R¥ via coordinates y', ..., y* from definition 7.27.
Also note that i-th face if A, is (n — 1)-dimensional simplex. Similarly for Dy, i-th face is
(k — 1)-dimensional simplex. In this manner we can proceed up to case of 1-dimensional
faces which are (quite naturally) called edges of simplex, and of O-dimensional faces which
are called vertices of simplex. k-dimensonal face of k-simplex is the simplex itself.

Definition 7.28.

Boundary of n-simplex is the union of all (n — 1)-dimensional faces of the simplex,
denoted by dA,. Complement of boundary is called interior of n-simplex and is denoted
Ag = A, \ dA,. Orientation of a simplex is defined to be orientation of the ambient
space R" in which the simplex is defined. Orientation of (n — 1)-face of oriented n-
simplex is defined using outer normal principle (orientation of (n — 1)-face is inherited
from orientation of affine subspace in which the face lies; orientation of this subspace is
such that by complementing the basis of the underlying vector space, using outer normal,
outer with respect to the simplex, results in new basis oriented as the ambient R").

Now we want to define simplex on the smooth manifold. Then, we will use these
objects to define the notion of integral of differential form.

Definition 7.29.

Let M be n-dimensional manifol. Subset 6, C M is called curvilinear k-simplex (or shortly
k-simplex if the notion is unambigous in a given context) if there is such a neighbourhood
U of o} and such a local chart ¢: U — V that ¢ (0}) is a standard k-simplex in subspace
given by equations x**T! =0,...,x" =0.

Remark. For a standard simplex we have notions of faces, boundary, interior and orien-
tation. Using local chart from definition 7.29, that identify simplex on manifold with the
standard simplex, we can introduce notions of faces s;, boundary d oy, interior G,? and ori-
etation on a curvilinear simlex. Orientation of n-dimensional manifold defines orientation
of each n-simplex o,. Observe that (7]9 is a k-dimensional submanifold in M.

Before we proceed with definition of integration, let us mention the following prepara-
tory idea. Consider n-form @ on n-dimensonal manifold M and oriented n-simplex ¢, C M.
Let ¢: U — V be local chart which maps o, to A, and preserves the orientation. Then,
pullback of restricted form @ along ¢ is n-form @ := ((p‘l)* (w|y) onV C R". Because
0y € A"TR" and dim (A"T;/R") = 1, the form can be written as @y = a(,,dx1 A Adx",
where ap = ap (x',...,x") is function on V..
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Definition 7.30.

Integral of n-form w over oriented n-simplex o,, C M is defined as

/w:/~--/a(pdxl...dx”, (7.31)
On A

where the right-hand side of the equation is (classical) multiple integral in R".

Theorem 7.32.

Definition 7.30 does not depend on the choice of local chart ¢.

Subsequent lemma describes how transformation of multiple integrals works and is
used to prove the above theorem.

Lemma 7.33.

Let W, W be two neighbourhoods A, and f: W — W, y' = fi(x) be a diffeomorphism such
that £ (A,) = A,. For each smooth function b(y) = b(y',...,y") on W the following holds

/---/b(y)dyl...dy"=/"'/b(f(x))
An An

Proposition 7.35.

det (a—f> ‘dxl Ldx (7.34)
dx/

Let w,p € Q"M, c,d € R and let o, be curvilinear oriented simplex on M. Denote —o,
the simplex with opposite orientation. The following holds

/(ca)-l-dq)):c/a)—l—d/(p (7.36)

Oy On On
/w:—/w. (7.37)
_Gn GI‘L

Similarly as in the case of itegration of n-forms on an n-dimensional manifold, we shall
use some preparatory idea to define integration of k-forms, k < n. Let M be n-dimensinal
manifold, o, C M oriented k-simplex and ¢: U — V, 0 C U local chart from definition
7.29 identifying o} with standard Ay. Then @' (VNR¥), where R* C R” is subspace
given by equations x*T! =0,...,x" =0, is a k-dimensional submanifold in M and o} is
oriented k-simplex on this submanifold, which we denote N. The following definition uses
pullback of @ along embedding of the submanifold in : N — M, which is a k-form iy;® on
N.

Definition 7.38.

We define the integral of a k-form @ over a oriented k-simplex 6y C N C M as

/a) = /i}“\,a) ) (7.39)
O O
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Proposition 7.40.

Definition 7.38 does not depend on a submanifold N.

Proposition 7.41.

Let o, ¢ € QM. 6, C M be an oriented k-simplex, — oy, siplex with opposite orientation,
where k <n = dim(M) and c,d are real constants. The following holds

/(ca)+d(p):c/a)+d/<p (7.42)

O O; Oy

/ ® = _k/w . (7.43)

_Gk

Definition 7.44.

k-dimensional polyhedron P (or shortly k-polyhedron) on a manifold M is a finite subset
{le ,-..,0p"} of k-simplices on M such that the union of arbitrary pair from this subset is
either shared face of dimension smaller then &, or an empty set. We say that P is oriented if
all k-simplices of which P is made, are oriented. Then we use notation P = le +---+ 0.

Remark. Boundary doy of an oriented k-simplex is sum of it’s oriented (k — 1)-faces
si, i.e. doy =so+s1+---+5,. Analogously, we denote boundary of a polyhedron by
P =00 +--+do}".

Definition 7.45.

Integral of a k-form ® over an oriented k-polyhedron P is defined by

/w=/w+---+/a). (7.46)
P k

Theorem 7.47.

(General Stokes’ theorem). Let P be an oriented k-polyhedron on a manifold M, JP it’s
boundary oriented by the principle of outer normal and @ be a (k— 1)-forma on M. The

the following holds
/a) = /da) . (7.48)
opP P

Exercise 7.49.

Let @ be k-form on a manifold M of dimension n. Calculate coordinate description of
exterior derivative d®.
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Solution. Let us describe @ in local coordinates (x')

o= Z a),-lmikdx"l /\-~-/\dxi’< .

1<iy <-<ix<n

We split the exercise in three cases: k =0, 0 < k < n and k = n. The first one, kK = 0,
means that the considered form is a smooth function on M, i.e. ® = @ (xl, e ,x”). The
first condition in theorem 7.1 then asserts that the exterior derivative is differential, hence

ngx’

We solve the case 0 < k < n using all three conditions stated in 7.1. Also, we will use tha
fact that the exterior derivative is linear, which yields

do=d(} o d" A Adx®) =Y d (@, dx A Adi)
and we can colve for each summand separately. Let us rewrite the multiplication by smooth

function via exterior product with O-form a)ilmikdx"l A--- Adxlk = ., N dxft A -+ Adxk,
Now we can use condition 2 from theorem 7.1

d (wh...ikdxil AN /\dxik) = d(a;,..;) Adxt A Adk
+(=1)%(@r,.) Ad (dx? A Adi)

Note that @, . ;, is a smooth function, i.e.

Differentiate bracketed terms in d (dxi A A dxik)
d(dt A Ad) =) (d(dx"')A~.-Adx”k+---+ (— 1) tdx A-~-Ad(dxik))

and use 3 to get

dw; . .
d(a)ll lkdxll/\ /\dxlk - (Z dix lkdX")/\dxll/\"'/\dxlk.

Altogether we have
acOll lk i i
do= Y Z e | AdxT A AdiE (7.50)
1§i1<-~~<ik§n =
Case k = n means that considered form can be written as @ = @ (x!,...,x")dx' A--- Adx",
where @(x',...,x") is a smooth function on M. Differentiating as in the previous case

yields dw = 0. o
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Exercise 7.51.

Consider an n-dimensional euclidena space E,, which is equipped with the standard inner
product < —, — >. Each vector space X on E, uniquely defines a 1-form wy by inserting
X as the first argument of the product

oy =<X,— > . (7.52)

for arbitrary vector field Y, then, we have wx(Y) =< X,Y >. Further, X defines (n—1)-
form w* by

X (Y1,... Y ) =XAYI A AV, (7.53)

where Y;, i =1,...,n— 1 are vector field on E,. Find the coordinate descripiton of both
wy and @X in dimension 3. For vector field X = (x,x+y, zz) find wy, X and the value
of wy in vector field Y = (z%,sinx,y?) at point (%,2,3). In the same point determine the
value of @ with respect to Y and Z = (x,y,z).

Remark. Before we start our calculation let us note that the forms wy and ®* can be
defined on more general spaces than euclidean ones, namely Riemannian manifolds which
are manifold equipped with the notion of inner product. We will be dealing with these
kinds of manifolds in later chapters.

Solution. Consider such coordinates (x') on E, that yields coordinates (%) on T*E,

which, at each point x, defines orthogonal basis of the tangent space TE,. We also have
dual coordinates (dx’) on T*E Let us first compute general description of both forms. In

coordinates we write X = ZX i a,, Y = Zle % Compute

i=1

0 0
1
wx(Y) =<X,Y >= <ZXaﬂZYay> (7.54)
8 0
:wa — bilinearita (7.55)
Pt BxJ
= Z X'y’ 5} ortogonalita (7.56)
i,j=1
3 . .
=) xv' (7.57)
at the same time we have
oy =< X,— >= ZX’<— -> .

oxt’

By comparing that with the result 7.57 we see that < %, — > must be a 1-form with value
with respect to ¥ being i-th coordinate Y/. This corresponds to element of dual basis, dx’,
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thus

3
wx =) X'dx'. (7.58)
=1

1

3

Consider further Z = Y. Z¥ % Then @* (Y,Z) is a function with the value at x corre-
k=1

sponding to the volume of an oriented paralellpiped given by vectors X (x),Y (x),Z(x).
Therefore, we can write

x!' y! 71
0¥ (Y,Z)=det | X*> v* 72
x3 v: Z

Using the Laplace expansion along the first column we get
o (Y, 2)=Xx' (Y2 -Y’Z?) -Xx*(Y'Z° -V’ Z") + X (Y'2*-Yv?Z") . (159
Generic 2-form in dimension 3 is of the form
frdx! Adx? + frdx® Adx® + fzde® Adx!
Inserting fields Y and Z gives (directly from the definition of exterior product)
AX'Z2-YZY+ /(Y222 -V 22 + (Y2 -Y'2) . (7.60)

Comparing this with 7.59 we see that f; = X3, f» = X!, f3 = X?, hence, we can write ®X
in the following form

o = X3! Ad® £ X T Ade® + X2dC Adx! . (7.61)

Before inserting specific values, let us use classical notation in dimension three x' = x, x*> =

y, x> = z. Given vector field X = (x,x+,z?), the 1-form @y can be written as

oy = xdx+ (x+y)dy+z2dz .
Applying vector field Y = (z?,sinx,y*) we get
wx (Y) = wx (22, sinx,y?) = x22 + (x+y) sinx + z22y* |
wgl(ich at point x = (%,2,3) yields the value of wy(Y)(x) =57+ 38. Finally, the 2-form
e 0¥ = Z2dx Ady+xdy Adz+ (x+y)dz Adx .

Insert Y and Z = (x,y,z) and rearrange
0¥ (¥,2) = 0 (2 sinx,y), (x.7,2))
= 7% (2y —xsinx) +x (zsinx — y*) + (x+y) (0* = 2°) .

Valute at x is @*(Y,Z)(x) =9 (18—%’) + %(_5) + (%i +2)2n—27) =2 - BT 4
108. o
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Remark 1. Differential forms shown in exercise 7.51 have interesting interpretation in
physics: wyx can be used to compute the work done on a particle traveling along a curve
inside a force field X and X can be used to compute the cflow of X over an oriented
surface. We will see concrete examples of this in the exercise below.

Exercise 7.62.

Compute the flow of field X = (x* 42, 1,z) over the surface M = {(x,y,z) € R¥| x> 4+y* =
z, 7 €< 0,2)}. Determine the work done by X along curve ¥ which is part of helix in the
first octant of standard coordinates, having z-axis as the center of rotation.

Solution. Equation x> +y> = z consider in R? describes rotational paraboloid symetric
with respect to z-axis with vertex at (0,0,0). Condition z €< 0,2) means that paraboloid
is bounded from above. It is an oriented surface over which we can integrate in accordance
to theory of this chapter. Taking into account the specific form of X and boundedness of
M, we expect the result in the form of a finite number. Due to 1, the flow of X over M is
equal to integral of the differential form @* € Q?R> given by 7.61, where we substitute X
from the exercise. So, we can compute the flow as

/a)X = /(x2+y2)dx/\dy+dy/\dz—|—zdz/\dx.
M M

Both the field X and the surface M exhibits rotational symetries of a circle which is
a hint to use polar coordinates on M, p: R2 — M C R3, in which the paraboloid can be
parametrized as follows

x(r,@) =rcos@
y(r, @) =rsing (7.63)
Arp)=r>.

where (r,¢) € N =< 0,1/2)x < 0,27 >. The original integral is transformed in accordance

to 7.38
/a)X _ /p*wx 7
M N

where p* is the pullback along composed map p: RZ2 — R?> — R3 (thisisto
Lo x(r,(p),y(r,(p) x:yvx2+y2
be viewed as composing the transformation into polar coordintes with parametrization of

paraboloid in the standard coordinates). To compute p*@*, we firstly use linearity of p*
and the fact that the pullback of a O-form is given by precomposition

pr@® = p* ((x* +y*)dx Ady +dy Adz+zdz A dx) (7.64)
= r?p*(dx Ady) + p*(dy Adz) +r?p*(dz Adx) . (7.65)

In the next step we use commutativity of pullback with exterior derivative, stated in theorem
7.5, and compatibility with exterior product p*(da Adp) = dp*a Adp*B. Hence, we can
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firstly compute the differentials of transformed coordinates 7.63, then obtain pullbacks of
basis forms by exterior multiplication. For differentials we have

dx = cos ¢dr — rsin @d¢@
dy = sin @dr + rcos @d¢
dz =2rdr.

Because terms of the form do A do vanishes, exterior products are of the form

dx Ady = rcos® @dr Ade — rsin® de Adr = rdr Ade
dyAdz = —2r2cos pdr Ade
dz Adx = 212 sinpdr Ade

which is to be substitued in 7.65

pro* = rdr Ade —2r% cos dr Ade + 2r* sin @dr Ade
= (r3 —2r%cos o+ 2r*sin q)) drAde .

Finally, we can apply defintion 7.30 to compute the flow

/p*(ox :/(r3 —2r*cos @ +2r*sing) dr A dg
N

[\
a

(r3 —2r%cos ¢+ 2r*sin go) drde

I
o'\§ =z
o\§ o~~~

21 | Pdr=2rx.

The flow of X over the surface M is 27 (of suitable units). Let us proceed to compute the
work donne by X along the helix ¥ C R3. This curve can be parametrized as

x(¢) =acos @
y(p) =asing (7.66)
z2(¢) =Ro,

where a, R are non-negative real constants. Sice we consider only the first octant part of
the helix, ¢ is taken from (0, 7). Work done by the field X can be computed using 1-form
wyx. We computed general expression of this form in dimension 3 in exercise 7.51. Thus,
substituing for X in 7.58 and applying d yields

oy = X'dx+X?dy+X3dz
= ( +y?)dx+dy+zdz
= (a—asinp+acos@+R)dg .
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Integral is of the form

SE

/wX = /(a—asin(p+acos<p+R)d(p = g(a—l—R)
Y 0

Therefore, the work done by X along y amounts to £ (a+ R) (suitable units). o

Exercise 7.67.

Integrate the form @ € Q’R*, ® = dx® Adx* + x'x3dx® A dx* on a subset M C R* given by
equations (x1)2 4+ (x>)2 =1, (*)2+ (x*)? = 1.

Solution. Firstly we choose more convenient descripition of M. Observe that both defining
equations (x1)? + (x*)>2 =1, (x*)?+ (x*)> = 1 describes a unit circle. In other words,
projection of M on x'x? plane gives a unit circle, and for each point of this circle we
have another one, given by condition on x>, x* coordinates. Thus, we are dealing with the
product of two unit circlesS' x S! which is a 2-dimensional plane called torus. Because we
consider this plane to be embedded in R* we can use simple parametrization p: R?> — R*
given by polar coodrinates, one for each circle.

x'(¢,0) =cos @ (9,0) =cosO
x*(9,0) =sing x*(9,0) =sinb ,

where (¢,0) € N=<0,2n > x < 0,27 >. Corresponding differential are

dx! = —sinde dx® = —sind6
dx? = cos do dx* = cosdf .

Applying exterior product yields

d3 Adx* = —sinBcosOdOAdO =0
dx® Adx* = cospcosOdo Ad6 |

hence, the pullback of @ along parametrization p is of the form
p*o = cos? @cos?0dp A d6 .

Using definitions 7.38 and 7.30, we are now ready to determine the value of [@. Let us
M
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compute
/p*a): /coszqocos2 0dop Ad6
N N
2n 2m
—//cos @cos’Odo NdO
T (14 cos20\ (1+c0s26
//( +cos (p)( +cos )d(pd@
2
0
127r 2r
=—[ [ dpdo =rx?.
1) [ dpao=x
00
We conclude [ = 7. o
M
Exercise 7.68.

Compute [®, where ® = xzdx A dy + xydy A dz + 2yzdz A dx and M is boundary of the
M
standard 3-simplex in R.

Solution. Exercise can be easily solved using Stokes’ theorem 7.47. Sine M is boundary
of 3-simplex A3z, we can write

/ 0= / do .

M As

Let us make use of results from exercise 7.49, where we have computed coordinate de-
scription of dw for arbitrary . In our case, due to 7.50, and applying condition 2 stated
in theorem 7.1 it holds

do =ydxAdyAdz+2zdxAdy Adz+xdx AdyAdz = (x+y+2z)dx AdyAdz.
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Subsequent computation follows from definition 7.30
/da) = /(x+y+2yz)dx/\dy/\dz

—xlxy

:// / (x+y+2z)dxdydz

0

=

[xz+yz+ Zz](l)—x—y dxdy

=

(x(1T=x=y)+y(I—x—y)+(1-x—y)?)

=

(I —x—y)dxdy

(1—x) —x(1—x) - %(1 3P dr

[\S)
[S—
[S—

I
o~ o~~~ oY~~~ oY~ —~ o~~~ ©

T
D | =
=
|
=
+
(SY
&
I
|
|

S\lan

Altogether we have [ = —
M

Exercise 7.69.

Give some examples of non-orientable manifolds.

Solution. Amongs the most classical examples of non-orientable manifold is the Mobius
strip, given by parametrization

= (1—1—;005—) cos @
<1+ rcos—) sin @
P
((P7 ): ESIH(p s

where ¢ € [0,27] a r € (—1,1) (r controls the width of the strip). Topologicaly, we can
construct this space by gluing two opposite sites of a rectangle along the opposite direction
(gluing in the same direction leads to cylinder). Another example of non-oriented manifold
is the Klein bottle. Parametrization of this object is quite complicated and we will not
describe it, yet, we shall give the topological construction. By gluing both pairs of opposite
sites of a rectangle, first pair gluing along the same direction, the second pair gluing along
the opposite direction, results in Klein bottle. Also, we can proceed by gluing two Mdbius
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strips along their bounderies in the same direction. Note that, unlike the case of the Mobius
strip, the Klein bottle cannot be embedded in R3. The least dimension for the bottle to be
embedded in real space is four. o



Submanifolds of Euclidean space

Definition 8.1.

Assume local parametrization f of an n—dimensional submanifold M in m—dimensional
Euclidean space E,,

xP = fP (ul,...,u”) ,p=1,...m

First fundamental form g;; is induced from an Euclidean scalar product (—, —).

df(u) df(u
gij(“):( gii)’ ({L(,j)) = gji(u)

Remark. Scalar product of tangent vectors A, B € T,M is given by

B)= Y syl

17]:1

Remark. Length of a curve C at M is given by

dut du/
s:/\/zg” dr dtdt

J=1

Definition 8.2.

Diffeomorphism f : M — M is called isometry if scalar product is invariant for every
xeM.

Definition 8.3.

Intrinsic geometry of a submanifold M are properties of M that remain invariant under
isometries. These properties are derived from first fundamental form.

Remark. Other properties are called extrinsic.

Definition 8.4.

Normal space N, M of a submanifold M C E,, at a point x is set of all vectors orthogonal
to its tangent space TM.

Remark. For every x € M we have T,E,, = T:M + N:M.

— 74—
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Definition 8.5.

We say that vectors v () € T, )M are parallely transported along a path p(t) on M if
dv(z)
dr

€ Ny, foreveryt € I.

Definition 8.6.

In local coordinates, Christoffel symbols can be expressed as

1 (dgy Oz dgii
k _ L\ Gk il lj _ 98ij
Bj=3 L8 (axf T o axl)

with Y, g g, = Sk,

Theorem 8.7.

. k . . .
Christoffel symbols I'; f belong to intrinsic geometry.

Theorem 8.8.

Parallel transport condition is

dvi LA .dpk
G LTy =0
Jok=

Exercise 8.9.

Find all isometries of R” with Euclidean metric.

Solution. We are looking for a transformation

Y = f(x)
Jacobian of such a transformation is

ayi _ a fi

ax;  dIx/

Metric is (0,2)-tensor and it transforms as
ooy ortof
8ij = oxi axjgkl - Oxi 8xjgkl

Since we want metric to remain invariant, we have

affaf
8ij = Wﬁg’d
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Now we can make use of a fact that g;; is constant and we take a derivative
0— &ka afl afk aZfl
= 9xi0xm 9xi SH T 9xd gxi g EH

Now i and j are free indices so we can switch them in a first term. We also make use of
symmetry of g and switch k and / as well. We get

aZfl afk afk aZfl

0= oxJox™ dxi L oxt dxJ/dxm 8kl
We finally get
0— a fk 82 fl 82 fl
—9xt \ dxidxm T dxidxm 8kl
and thus
82 fl
dxioxm

We will be looking for global affine isomorphisms that leave metric invariant. Affine
isomorphisms are of form

Y = Al 4y
Jacobian of such a transformation is
9yi i ox* i sk i
axi ~ Mg =M =4

where 6]’.‘ is a Kronecker delta. From now on, it will be useful to use matrix notation
instead of indices. In matrix notation, this transformation rule is

g =ATgA
In case of isometries of Euclidean metric, matrix of linear transformation has to satisfy
E=ATEA

where E is n—dimensional identity matrix. What can we say about these matrices? First,
let’s take det of this equation. We get

detE = detE detA?
since det A = det AT This tells us that
detA = +1

and all these transformations are invertible. How do we compose the affine transformations
however? We can’t do it by simple matrix multiplication. The most convenient way is
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to look at these transformations as on linear transformations R"t! with Xp+1 = 1. Such

a transformation is
(A Yo
i=(o %)

(3 )0-()

Operation is usual matrix multiplication. This gives us associativity. The unit element is
a unit matrix. To show that these transformations form a group, all we have to do is check
if they are closed under the composition. This is pretty straightforward

A yo\ (B zo\ [AB Azy+yp
0 1 o 1) \o0 1

Thus we can talk about isometry group of R”, which will be denoted by /SO(n). How
many parameters does ISO(n) have? First, we check the parameters of A.To do this, we
can use Taylor expansion. Let’s assume that

and the action is

A=E+eX+0(e)
The equation, up to second order in € is

E=E+¢&(X"+X)+0(e?)

The infinitesimal transformation X is antisymmetric, which gives us "("2_ U parameters.
This is in fast a subgroup of ISO(n), denoted by O(n). This group consist of all rotations

and reflections of Euclidean space. If we add n parameters of yg, we get

nin+1)
2

dim ISO(n) =

which is a dimension of O(n+ 1). This is not a coincidence, since R” can be thought of
as a limiting case of a sphere S C R"*! whose radius R is taken to the infinity. If we take
a look at action of O(n+ 1) around the point (0, ..., 1), we recover the action ISO(n) up to
first order. This is a special case of the procedure called group contraction. o

Exercise 8.10.

Show that second fundamental form I does not belong to an intrinsic geometry of a sub-
manifold.

Solution. To illustrate this example, I will examine the second fundamental form of a sur-
face embedded in R3. First, let’s assume that our surface is a parametric surface

z=12z(x,y)
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and that plane z = 0 is tangent at the origin. From Taylor expansion we get

azzxz 822 azzyz

Z:WE—i_ﬁ +a 25 — + higher order

The second fundamental form is a quadratic form

9% 5 . 9% Pz
I=53 dx+2aadxdy+a2

9%z 9%z 2z
Let us denote L = 55, M = Ixdy and N = —2

In general, surface in R? is parametrlzed by a smooth, vector valued function r (u,v).
For a convenience, derivatives of r will be denoted by lower indices. In this notation, we
can write

I = b;;du’du’
Since parametrization is regular, r, and r, are linearly independent in the domain of r.
This allows us to calculate a unique unit normal vector field, given by

X,
|ry X 1y

The coefficients b;; are given by a projections of partial derivatives into a tangent plane.
This can be written as

_ k
bij—rijnk

where ny are components of a normal covector. We can see that the components of second
fundamental form depend on the embedding of the submanifold via the normal vector
field. Because of this, second fundamental form is not a part of the intrinsic geometry of
a submanifold. o

Exercise 8.11.

Find normal spaces for following submanifolds at every point p € M
L S2={(x,yz) eR :x+y*+22=1}
2. H> ={(x,y,2) eR}:x* +y? =22 =1}

Solution. These submanifolds are of a codimension 1, their normal space will therefore be
one dimensional. We can use the result of a previous exercise, namely

RS
|ry X ry|
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1. First, we parametrize our sphere by spherical coordinates
Xx=-cos¢sinb,
y=sin@sin0,
z=co0s0.

with @ € (0,27) and 6 € (0, 7). To calculate our normal vector field, we have to
calculate derivatives of a parametrization with respect to intrinsic coordinates

—sin@sinf cos ¢ cos 0
ro=| cos@sinf |, rg = | singcos@
0 —sin6

Now, we have to calculate their cross product
i J k
rp Xrg = |—sin@sin® cos@sin6 0 |=—sinOr
cos@pcosO sinpcos® —sinb
the unit normal vector therefore is
Iy XTIy —sinfr

n= r x 1o T sinf)r]

A

where f is a unit position vector.
2. In this case, parametrization is

x =cos@cosh@,
y =sin@cosh 0,
z=sinh 6.

with @ € (0,27) and 6 € R. We calculate derivatives of a parametrization again

—sin @ cosh 6 cos ¢ sinh 6
ro= | cosgcosh6 |, rg = | sin@sinh 6
0 cosh 6
The cross product is
i J k X
ro Xrg = |—sin@cosh6 cos¢@cosh6 0 =coshf® | y | =coshOr
cos@sinh@®  sin@sinh® —cosh® —Z
X
where F = | y |. In this case, normal vector field is
—Z
coshOF

-

1= cosh |F| -



Riemann space

Definition 9.1.

Riemann metric on a manifold M is a smooth mapping g: M — SiT*M such that pog =
idys, with p the projection on a tensor bundle S%FT*M ,i.e. p: S%FT*M — M, and Si denote
space of all positive definite quadratic forms. Pair (M,g) is called a Riemann space or
Riemann manifold.

Remark. In local coordinates x' na M has g a coordinate expression g = (gij (x)). gij = &ji-

We can also write it as
n

g= Y gij(x)dx'dx/
i,j=1
or
n . .
ds® = Z gij (x)dx'dx’.
i,j—=1

ds is a length element on M.

Definition 9.2.

Length of a curve C, with parametric expression f(t), ¢ € [a,b], from point f (a) to f (D)

1s a number
b df df
= — = |dr.
* /a 8 (dt’ dt)

If the coordinate expression for f is x' = x* (¢), then

b L dx dx/
5= / \/ 2 i (x(0) 49 9.3)

J=1

It is clear that length of a curve is independent on its parametrization.

Definition 9.4.

Let (M,g) and (M, g) be two Riemann spaces and let f: M — M be a smooth mapping. if
g(vw) =g (T f(v), T.f(w)) for every x € M av,w € T,M, then f is called isometry.

Theorem 9.5.

—80—-
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If (M, g) is a Riemann manifold and f: N — M is immersion, then f*g is Riemann metric
on N. If f has a coordinate expression x' = f* (y”) and k = dim N, then

i ot
I IF 4 gy,

k n

Pqij=1

Theorem 9.6.

On every topological manifold M exists a Riemann metric.

Theorem 9.7.

For a positive definit quadratic form is g: V — V* linear isomorphism.

Definition 9.8.

Let (M,g) be a Riemann space and f: M — R a function. Vector field g (df) := gradf,
where g is a matrix inverse to a matrix of metric is called a gradient of f. Gradient has
following coordinate expression

a9
(aradf) = Y 8957

j=1

Definition 9.9.

Let (M,g) be a oriented Riemann space, i,e. manifold M is orientable. Then the every
tangent space T, M is oriented vector space with scalar product and for every n-touple of
vectors vy,...,v, € T,M we can define exterior product

Vi,...,vn], €R.

This exterior product defines n-form vol(g) : M — A" T*M, called volume n-form of an
oriented Riemann space (M, g).

Theorem 9.10.

In coordinate system (xl, . ,x”) with orientation matching (M, g) holds
vol (g) = \/det (gij) del A Ad

Theorem 9.11.

Number Volo, = [; vol(g) is called a volume of a simplex o, C (M,g) and following
formula holds

Vol(Gn)z/---/ det (g;;) dx'...dx".
A

T
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Definition 9.12.
Set H? := {(x,y) cR? ‘ y> 0} with a metric ds?> = % is called a upper half plane.

Exercise 9.13.

Let (M,g) be n—dimensional Riemann space, x € M is a point on a manifold, {e;}"_; is
n . j

orthonormal basis T,M a { fi }izl jis a basis of dual space such that f/(¢;) = 51.] . For
X € LM and o € T;M we define musical isomorphisms

b: TM = T'M, X =g(X,—),
£ T'M —TM,  of=g(a,—).

Prove that following formulas hold
g <X,aﬁ> —a(X)=2 <Xboc) .
Solution. First, let us remind how the evaluation of forms on vectors works:
a(X)=o;f (X7e)) = X/ f/ (e;) = X' 8/ = X'
For coordinate expressions of the isomorphisms we have

(), = () /' (6) =X e5) = (.65) =X ene)) = X'y

(o) = (@) /(e = £1 (o) =g (. ) = o (/') = g
Furthermore

X, o =X'gijg* oy = X'8f oy = X' = a (X)),

oq

g <Xb,oc> = §gpX ;= §/X ;=X oj = a (X).

Exercise 9.14.

Let us assume the upper half plane H?, as a subset of Cinstead of a subset of R? with

Z be a square matrix with unit determinant.
Show that these matrices form a group. This group is called a special linear group SL (2, R).
Now let’s assume a mapping

the identification z = x+1y. Let A = ( (z

v: SL(2,R) x H? — H?,
az+b
cz+d’

(A,2) = Az =
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Show that this map is a left action of a group SL (2, R) on H?.In the end show that SL (2, R)
is an isometry group of H?, i.e. that every element of SL (2,R) leaves the form of metric
invariant:

Lo (%) + (482

NESE

Solution. Operation in SL(2,R) is a matrix multiplication, which is associative. Unit
element if an identity matrix. Inverse element exists because the determinant is nonzero.
Set of these matrices is also closed under the operation becuase determinant of product of
matrices will also be 1.

Next we will show that the image of y is H?. To do this we will have to calculate an
imaginary part of Az,

S (az+b> 5 ((az+b) (cZ+d)> 5 ((ax+iay+b) (cx+d—icy)> _

cz+d (cz+d)(cz+d) lcz+dJ?
1 ) y
= g (x2+y2)ac+(ad+bc)x+1(ad—bc)y+bd =——>0
lcz+d|? ( ) lcz+d|?

For an action - of a group G on a set X following identities hold

e X=X, VxeX,
(gh)ng(hX), VxeX, g heaq,

where e is a unit element of a group. For a unit matrix £ we have Ez = % = z. Now let
a b
B= ( c d ) € SL(2,R), then
b a%tt4b  (aa+bc)z+ab+bd
R e LALLM INE
cz+d %4 d  (Catdc)z+ceb+dd
and therefore y is really an action of a group on a set.
Metric can be rewritten as
I (dR2)* +(dSz)*  dzdz
(32)° (S2)°
and let us denote w = Az. From previous calculations we know that
3z
w=———.
lcz+d|
This gives us
dw_d<az—|—b> _adz(cz+d) —cdz(az+b)  dz
cz+d (cz+d)? (cz+d)*
dW—d(aZ+b) _adz(cz+d)—cdz(az+b)  dZ
cz+d (cz+d)? (cz+d)*
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Therefore
dwdw dzdz lcz+d|* _ dzdz

Sw)?  (cz+d)*(cz+d)* (32 (32

Exercise 9.15.

Calculate the metric induced from R? with Euclidean scalar product on a
1. sphere S2,
2. torus T2.

Solution. 1. Sphere is usually parametrized by ¢ € [0,27) a 6 € [0, 7], via

X =cos@sinb,
y=sin@sin0,
=cos 6.

Differentials are

dx = —sin@sin0d¢ 4 cos ¢ cos 0d0,
dy =cos@sinBd¢ +sin@cos0do,
dz = —sin6d6.

We can insert them into the expression for length element of R3, tj. ds? = dx? 4+ dy? 4+ dz?,
and we get length element of a sphere

ds* = sin® 6 dg? +d6>.
2. Torus is parametrized by ¢ € [0,27) a 6 € [0,27), via

x=(R+rcosB)coso,
y=(R+rcosB)sine,
z=rsin6,

where R > 0 is the distance of the center of a cylinder and the origin of coordinate system
and r > 0 is a radius of a cylinder. Differentials are

dx=—(R+rcos0)sinpdp —rsinpcos 6d6,
dy = (R+rcos0)cosepdp —rsinBsin¢pdo,
dz=rcos0d0.

Inserting the differentials into the length element of R3 gives us

ds? = (R+rcos6)? do® + > d6>.
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Exercise 9.16.

Calculate the metric of S? in a stereographic projection.

Solution. Stereographic projection on plane with Cartesian coordinates (u,v) is given by

B 2u _ 2v _u2+v2—1
w241 y_uz—i-vz-l—l’ Z_uz—I—vZ-i—l'
The differentials are
2 2 2
(u +v —|—1)—2u duy
dx=2 du — dv,
(2 +v2+1)° (2 +v2+1)°
4 wWHvE41) =202
dy:————lﬂ——¢m+2( ) v,
(w2 +v2+1) (w2 +v2+1)
4udu+4vdy
71=————7.
(2 +v2+1)°

Inserting the differentials into the length element of R3 gives us
4

ds? = ———5——
S (U2 +v2+1)

(du2 + dvz) .

Exercise 9.17.

Calculate the length of a circle
(x—a)’+(y—b)* =1,
where a,b € R abd r > 0 in

1. R? with a metric 4

(2 +)y2+1)
2. upper half plane with a restriction b > r.

ds? = (d* +dy?).

Solution. In both cases we arrive to a similar integral. Let us now calculate this integral
generally. For o, 3,7 € R we have

[:= —— =
/_mat2+[3t+y /_oo <\/&r

where 6 = y— ﬁ . Now

]:l/oo \/7t+2\ﬁ
0 J o o

Y

+g%>2+6

S
“dt ds _¢a6/—ws2+1
2F
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1. We parametrize the circle via angle ¢ € [0,27) as

X=rcosQ—+a
y=rsin@+b.

Now we make a use of the expression for a length of a curve

/27T 452 (sin2 @ + cos? (p)
G—

5> do.
- 2
1+ (rcos@+a)*+ (rsin@ +b) >

This integral can be solved via substitution ¢t = tan , that gives us

° 1 dr
S_4r/ 21
—°°(1+r2+a2+b2)+2r[ <[2+1>+2bt2+1}
4/‘” dr
=4r
ceo (1+724+a2+b*=2ra) 12 +4rb-t + (1 +r2 +a*+b*+2ra)’

This is an integral I for &« = 1+ +a> +b> —2ra, B=4rbay=1+r*>+a> +b> 4 2ra,
and the length of a circle is

drr

\/(1 +r2+a?+ b2)2 —4a2r? — 4b2r2

S =

2. We will use the same parametrization as in previous case. The length of a circle is

2n
oo [T o
o rsing+b

We use the same substitution as well and the integral /. We get

dr 2rm

:2 - .
> " wbt? +2rt+b 2_2

Exercise 9.18.

Calculate the volume and the surface of a torus.

Solution. We use the result of the Exercise 9.15. Volume element is

vol(g) =r(R+rcosB)de Ado.
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Integration over ¢ € [0,27) and 6 € [0,27) gives us

2n 21w
S= / / r(R+rcos0)dedd = 47°rR.
0 0

Volume can be calculated in two ways. First way is tu assume the radius of a cylinder r as
addition coordinate, induce the metric on a full torus and integrate the induced volume
form. The other way is to simply integrate the formula for the surface over ' € (0,r].In
both cases we get the integral

-
V= 47172R/ Fdr = 21%r*R.
0

o

Exercise 9.19.
Show that R” for n > 2 has in hyperspherical coordinates (r, ¢y,...,,_1) given by

X| = rcos @y,

Xy = rsin@ cos P,

Xp—1 =rsin@...sin¢@,_>cosP,_1,

Xp=rSin@q...sin@,_osing,_p,

where r > 0, @1,...,0,-2 € [0,7) a ¢,_1 € [0,27), metric of the form
n—1 [i—1
ds,% =dr? +7° Z sin’ ¢ j d(])l-z.
i=1 \j=1
Solution. We can use the induciton. For n = 2 we have polar coordinates
ds? = dr? + r2d¢?.
Assume that the metric in hyperspherical coordinates (r,¢1,...,¢,_2) on R"~! is of the
form
n=2 [fi—1
dsp_ =dr*+72 Y [ []sin®¢; | do?,
i=1 \j=1
on R" we have coordinates (%,...,%,), given by
)El = X1,

Xn—2 = Xp-2,
Xn—1 = Xp—1€O08 (Pn—la

Xp = Xp—18In ¢n717
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where (x1,...,x,_1) are Cartesian coordinates on R"! and @,—1 1s additional hyperspher-
ical coordinate. Length element on R” is

ds? = dif +--- + %o
After subsituting the differentials we get

ds,zl = dx% +--- 4 dx,zl_z + dx,zl_l cos? On—1 —l—x,%_l sin? On—1 d¢3_1 -
— 2,108 @1 Sin g,y dx,_1de, | +sin® @, jdx2_; +x2_; cos’> P, 1dd> +
+2x,-1€08 @1 sin @y, dx,,—1d¢y—1 =

n-2 [i—1 n—2
=ds? | +x2_,de> | =dr? +7? Y (H sin? ¢j> do? + I sin® ¢;dg7 | =
i=1 \j=1 Jj=1

n—1 [i—1
=drr+7 Y (]’[ sin? ¢j> do?.
i=1 \j=1

Exercise 9.20.

Assume Riemann space (R3 , g) , where g is the metric from Exercise 9.19. How does the
gradient of f looks like in this space?

Solution. Let us denote ¢g := r. Metric is diagonal, inverse metric can be obtained very
easily
00_ 1 u_1 oo 1
8 y 8§ = R 8§ = 22
r r=sin” @

Components of a gradient are

» 1 af

o_9df 1 _ la_f LY
(gradf)” = F (gradf) = 2ol (gradf)” = r2sin’ ¢ 0o

Exercise 9.21.

Calculate ”surface” and ’volume” of an n-dimensional ball of a radius R.

Solution. First we will calculate a ’surface” of an n-dimensional ball of a radius R, i.e. we
will calculate the volume of its boundary, n — 1-dimensional sphere of a radius R. We will
use the result of the Exercise 9.19. Metric induces od a sphere from R” is

n—1 [i—1
2, =R*Y ( sin? ¢j) d¢?.
1

i=1 \j=

Volume is then given by an integral of the volume form over whole sphere

2n rm T
Rn—l/o /0 /0 sinn—2¢lsin”_3¢2...Sin(pn,zd(pld(pz...d(pn,l :;SR(n_l)_
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Integration of this (n — 1)-dimensional integral can be avoided by using the integral of
a Gauss function. We can use

I::/ e_zz';lxizdxl...dxn:n”/z.

We can recalculate this integral in the hyperspherical coordinates. Hyperspherical coor-
dinates however do not cover entire R". However, the noncovered part of R" has zero
measure and can be ignored in this calculation.

o r2W ,T T )
I :/ / / / e sin" 2 ¢y sin" 3 9y .. .sing,_2de; des ... dg,_dr =
o Jo Jo 0
=Si1(n— 1)/ e ldr,
0
Integral over r can be simplified by a substitution

(o) 2 (o)
2 a1 ro=t 1/ PR 1 <n>
dr = —— 2 dt==-1(=
/Oe r r ‘ ) 0 € 3 3 N

2rdr =dt
where I"(n) is a Gamma function. We know that both values of 7 has to be the same and
the volume of an (n — 1)-dimensional sphere is

27.cn/2
r(3)

After rescaling be a constant R the volume form rescales with R"~! and the volume of
(n— 1)-dimensional sphere with radius R is

Si(n—1)=

27/
r()
Volume of n—dimensional ball can be obtained by integrating of Sg (n — 1) over the radius,
because in the metric of n—dimensional ball is new dependence on r, i.e.

Sg(n—1)= R

27'5"22 0 7.fln/2 R
al(3) T(3+1)

n

Vr(n) = /ORS,(n —1)dr=

Exercise 9.22.

Assume a sphere S? with metric induced from R3. Find curves that have the same angle
with every meridian given by

pP:O=¢qy @ =conste [0,27),
0=t, t€(0,m),

These curves are called loxodromes and were of great importance for a medieval maritime
navigation.
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Solution. Let us denote such a curve by /(1) = (¢(t),0(¢)). Tangent vector of meridian is
p=1(0,1). Let B = const € (0, 7) be an angle between curves /(r) a p(z). Then

g(p.1)
\/&(p.p)-g(i,0)

where g is a metric. We substitute tangent vectors to curves and get

cosf} =

0
cosf = ‘ . (9.23)
\/ 62 +sin” 6 2
From the denominator we get a condition
6% +sin® 09> # 0. (9.24)
Equation (9.23) can be rewritten as
32 P) 6’
0 in“ 0¢~ = 9.25
+sin’ 09 = 5. (9.25)

if B # % For B = % we get from (9.23) 8 = const and the restriction (9.24) tells us that
¢ = Ar+ B, where A,B € R. These curves are circles of latitude. We can rewrite this
equation to (9.25)

o5 0%(sin?B+cos?P)
0°+sin“ 09~ = ( cos2 B )
sin® 0% = §%tan’ B,
¢? B tan’ 3
62 sin?@

We eliminate ¢, take a square root and get differential equation

do tan 3

4

do sin@’
with a solution

+cotanB (¢ +a) =1In <tang) ,

where o € R is integration constant. o



Parallel transport of vector fields

Definition 10.1.

Let (M,g) be n-dimensional Riemann manifold with local coordinates x', i = 1,...,n.

Objects
1¢ dgi | 981 9gij
ok — 2y gk i j_ 98ij
TN (axf Tox T )

where g is matrix inverse to the matrix of a metric g, are called Christoffel symbols of
a metric g.

Definition 10.2.

We say that vector field v() = (V/(r)) along a path p(¢) = (p'(r)) is being transported iff

dvi n ) ) k
TR IO Rt
J K=

Definition 10.3.

Foraset of v(¢) tangent vectors along p(¢) on Riemann manifold (M, g) we define a covariant

P v (3 Vvi(t . . )
derivative % = (g—t()> via coordinate expression

dv’ LA .dpt
=G+ X a0 o
Jk=

Vi
dr

Definition 10.4.

Covariant derivative of a vector field Y in direction of a vector field X on a Riemann
manifold (M, g) is a vector field VxY with a coordinate expression

(VxY) = zn: (81;;(1)0 —|—F}'<j(x)Yk(x)> X/ (x),

Jik=1

where x € M.

Theorem 10.5.
For arbitrary vector fields X,Y na M and function f: M — R holds

1. Vx (Y1 +Y2) = VxY1 + Vx)s,

—9]—
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2. Vx (fY)=(Xf)Y + fVxY,
3. VX]+X2Y = VX]Y+VX2Y,

4. VixY = fVxY.

Definition 10.6.

Mapping V: ZMx ZM— ZM, (X,Y)— VxY, which fulfills 1. - 4. of Theorem 10.5,
is called a linear connection on manifold M,

Definition 10.7.

Linear connection of Definition 10.4 is called Levi-Civita connection of metric g on
manifold M.

Definition 10.8.

Tensor field VY of type (1, 1) is called a covariant differential of vector field Y. Coordinate
expression is
) G
— /)
(VY); = E —I—kleij :

Definition 10.9.

Let (M,g) be a Riemann manifold and f: M — R a function. Mapping f +— Af given in
local coordinates by

(Vgradf)!

agE

Af =

1

~

is called a Laplace operator.

Definition 10.10.

Path y: I — M, where I C R, is a geodesic path of a linear connection V, if its tangent
vector % is paralelly transported along 7, i.e.

Theorem 10.11.

Geodesic path y(t) = (x'(t)) is given by a system of second order ordinary differential
equations

d2xi n ) dx j dxk

dr2 +jkz'_1 )G g =0 s hn
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Theorem 10.12.

If y(¢) is geodesic path on M, the path y(at + b) is also geodesic form every a,b € R.

Definition 10.13.

Curve C C M is a geodesic curve of a linear connection V (or just geodesic), if there exists
a parametrization y(¢) that is geodesic path.

Exercise 10.14.

Calculate Christoffel symbols of

1. R? in spherical coordinates and S? with metric induced from R?,

2. atorus T2 with metric induced from R3,

3. upper half plane, ie. H? = {(x',x*) € R? | x* > 0}, with metric ds* = (x?)

() + (2)?),

Solution. 1. Spherical coordinates are given by

X =rcos@sin0,
y=rsin@sinf,

z=rcos0.

-2

Our notation is 7 := @°, @' := ¢ a ¢? := 6. Nonzero components of metric are ggo = 1,

g11 = r>sin? @ and g2y = 12, nonzero components of an inverse metric are §
2 Silnz g g22 = r~2. Christoffel symbols are calculated from the definition
=33 (G e ) =2 (G e
e IRECas
=350 (G o) =2 (5ot + o
L R
oL (s 3) 2 (G 59
w5 G-

0():1

gl =
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2 d d 1% 1 d d d
51i (980 980 98w\ _ 1.1 (9801 9810 9w _
o= 28 (5 50~ 50) ~ 2% (51 541~ 5gr) ~°
1 & (980  9gn  dgoi 1 dgor  dgi  dgo
1t ~1i i il :_~11 - —
F°1‘2§,g (8<p1+a<p0 a«pf) 2 (a<p1 T30 aqﬂ)
1
E 2 2921"sm 0=- "
1 & i (980  dgn  9gm 1 11 (981 dgi2 9dgn\
Loz = 5§g (8<p2 Tag0 8(9’) 2 (8902 a0 8(/)1) -
I & i(dgi, dgn dgu\ 1.1 (g  dgn dgun\ _
“_E;g (8<p1 "] 8¢’>_5g <8¢1+8¢1_8<p1)_0’
_li~ dgii 3812 _dgin :1 9g11+9g12_8g12 _
T 25 & 2¢? 8(p1 8(pl 28 202  do! Jo!
1 0s 6
_Erzsmz 2r? schosG— 0
1 &y (98 982 dgxn 1 dga1 | dgi2  dgm
1y i i gl _ _
ook (3<P 92 9‘P’> 2 ( s 8<P1) >
> L& (980 dgio g0\ 1 5 (dgo2 g g
T = Zi;)g d 0 + 200  doi ) 28 d O + 200 92 =0,
o L& (g0 dgin dgn\ _ 1.5 (dgo2  dga  dgor _
FOI_Zl;)g ! +3(p0 201 | 28 ! + 200 92 =0,
o L& (080 982 dgm\ 1.5 (dgm  dgn dgm\ 11,
o= Zg()g dp? + 200  doi ) 28 dp? + 000 d¢?) 2r22r_
_1
==,
o _ L (981, 9git dgn\ _ 1. (9812 dgar dgu _
F“_lel')g ! +8(p1 A 28 ! +8(p1 202 )
:—llZZr sin@cos® = —sin6Bcos O,
2r
1 & i (981, 9gin g1 dgin  dgn Idgn
2 ~2i 1 1 _ __~22 _ f—
F”‘z,.zzog (a<p2+&<pl acpf) 2 <8<p > 9! aqﬂ) O
o L (982, 98 98n) _ 1.5 (982  dgn dgn) _
Fzz—zl;)g 0?2 +&(p2 ¢ 28\ 9¢2 Jr8(p2 dp? =0.

We got six nonzero symbols. Christoffel symbols on a sphere S? are obtained by setting
r=1,1i.e.
| cos@
2=

- 2 = —sinOcosH.
sin@’ 1



10. Parallel transport of vector fields 95

2. We again use notation @' := @, ¢? := 9 Nonzero components of metric and inverse
. N _ 1 2 _ 1 . .

metric are g1; = (R+ rcos 9) g =r2g" = Rircosd)? ag 3. As in previous case

211 = g11(0) a gz = const, there will be only two nonzero Christoffel symbols

ST (9g1i dgn 3812) 1y (3g11 +3g12 9g12) _

12728 992 " 991 d¢i ) " 2% \9¢2 Tl ¢!
_ 12(R+rcos)(—rsinf)  rsinb
2 (R+rcos 0)* ~ R+rcosf’

2 1~2i<981i dgin 5’5’11)_ ~22(5’g1z dgai a811)_
11—58 == - =

- dpl " dpl ¢ 28 dp!  de!  d¢?

12(R —rsi 1
= (R+rcosB) (—rsinb) = —(R+rcos0)sin6.
2 r r
. . . 2\72, 511 _ 522
3.Nonzero components of a metric and inverse metric are g1; = g2 = (x ) ag ' =g-"=
(xz)z. Christoffel symbols are
Lo (9810 98 dg
1—*1 — ~sli l i —
=38 (8)6 ox! ox
o Lo 381;’ dgin dgin _ _~113811 1( )2 -2 1
12778 {92 ax dxi oxz 2 (x2)3 x2’
o L (98 ang _dgm) _
2=38 8x2 ox2  oJxi
1, (dgi O d 1 d 1 -2 1
rf) = 58" g]1[ glll B glll =58 g” =5 (xz)2 3= a2
2 dx dx dx 2 (x2)°  x
2 _ Lai (981 3&2 98 _
12 2g dx? 8x1 oxt
1 ,;(dgi 0 d d 1 -2 1
R e B e e
2 dx dx dx dx 2 (x2) X
o

Exercise 10.15.

Consider R? in cartesian and polar coordinates. Find vector field in these coordinate sys-
tems that is created by paralelly transporting tangent vector of a curve 6 (r) = (x(z),y(t)) =
(cost,sint), t € [0,27), in the point r = 0, along the curve itself.

Solution. In polar coordinates (r,¢) the curve is parametrized by op0i(t) = (1,1), t €
[0,27). In Cartesian coordinates, the tangent vector at the origin is ¢(0) = (0, 1) while
for polar coordinates it is G,01(0) = (0,1). Let X be our vector field in Cartesian coordi-
nates.Since all Christoffel symbols are zero, parallel transport equations are simply

X =0.
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Taking initial condition into account, we find that the vector field is constatnt along the
path

X = d
ay’
In polar coordinates it will not be that easy, since two Christoffel symbols are nonzero:
'y = —rand F;P(p = r~ 1. Parallel transport equations for our vector field Xpol are
Xrl"‘f_r ( ())6¢(I>X¢1:O = pol ng)l 0,
X0+ Thp (0(1) (69()Xpm + 6" (0X0) =0 = X%+ X7 =0.

We get vector field

—|—costi
ar 20

We can see that the vector field changes its direction along the path. These two vector
fields coincide however. We can verify this by coordinate transformation

. Ox dx
X' = E(Gpol( ))Xpol+ a(p(GpOl( ) pol —

)X,
= oS8 Q(Opoi(t)) sint + (—rsin@)

d dy
X = a—i (Gpol( ))X 01+ (Gpol 1t

Xpol = sint——

(Gpoi(r)) cost = costsint —sint cost = 0,
) X

(7)
= sin@ (Gpoi (1)) sint + rcos Q) (Gpol ) cost = sin®¢ +cos®t = 1.

Exercise 10.16.

Let us consider sphere S? with metric induced from R3. Solve the equation of parallel
transport along circle of latitude.
y:o=t, tel0,2x],
0 =06y, 6)=conste (0,7).

For arbitrary v(0) € T},(O)S2 find a matrix A, such that
v(2m) = Av(0),

where v(27) € Tj,(z,r)S2 = T},(O)S2 is an image of v(0) after parallel transport and find an
angle between them. Finally, show that the scalar product is invariant under the parallel
transport.

Solution. We calculated Christoffel symbols in Exercise 10.14, parallel transport equations
are

dv?
A cosboe
dr sin 6

dv?
—— —sinfycos Hpv? = 0.
dar sin 0 COS OpVv
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We differentiate first of the equations and insert v? from the second, we get
#® 4 cos? pv? = 0,

with a solution
v? = Asin (tcos 8y) + Bcos(tcos 6y),
kde A, B € R. We can find second component of a vector v

v9 = —Asin 6 cos(z cos 6y) + Bsin Oy sin(r cos 6p).

Now we have to find integration constants A, B. Let v(0) = (a,b), where a,b € R, then

a=v?(0) =B,
b =1%(0) = —Asin 6y,
and we get
V0 = —— b sin(t cos 6y) +acos(tcos ),
sin 6y

% = beos(rcos By) + asin Oy sin(z cos 6).

These two equations (for ¢ = 27) can be written in matrix form. This gives us our matrix

A,
?( sin(2m cos )
W(2m) = ( ve( ) ) _ cos(27cos 6p) - < a > — Av(0).
VY (27) sin Oy sin(27wcos By) cos(2mwcos ) b

Since space T,,(O)S2 is a vector space with a scalar product given by matrix

_ [ sin?6y 0
8= 0 1 ’

angle o between the vector and its image under parallel transport can be determined by

_ £ (:(0),v(2)) |
VE(0),(10)) -8 (-(2m) v(27)

After the matrix multiplication we find out that

cos X

o = 2mcos 6y,

which means that for the equator, image will coincide with the original vector. Invariance
of a scalar product means that for every pair of vectors u,w € T),(O)S2 following identity
holds

g(Au,Aw) = g(u,w).

In local coordinates,
Au)" g(Aw) = u” gw.
(Au)” g 8

Since u,w are arbitrarty,
AlgA=g,

must hold. This can be verified via matrix multiplication. o
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Exercise 10.17.

Let’s assume linear connection V na R? with all Christoffel symbols zero, except of I‘él =1.
Calculate parallel transport of tangent vector 6(0) to a curve

o(r)=(-3e"+8,r—2)
along the curve. Is o(¢) geodesic?

Solution. Tangent vector along o (t) is 6(¢) = (3e™7, 1), for t = 0 we have 6(0) = (3,1).
Let Y (¢) be our vector field, parallel transport equations are

Y+ Z ry/e* =o.
J.k=1

We can see that Christoffel symbols are not symmetric in lower indices, we have to be
careful with the ordering. We get

Y 4+3y%e =0,
y2=0.
Second equation can be integrated straight away, intial condition gives us Y2 = 1. We

insert this into first equation and use initial condition again. Parallely transported vector
field is o () je tvaru

= (3¢7",1),

which is the same as tangent vector field 6(¢) to the curve o(t). o(r) is geodesic. o

Exercise 10.18.

Let f be a function on Riemann manifold (]R3,g), where g is a metric in spherical
coordinates. Calculate Af.

Solution. Our goal is to calculate

= zn: Vgradf = zn:( gradf) + ZFkl (gradf) )

i=1 k=1

We calculated gradient in spherical coordinates in Exercise 9.20, Christoffel symbols were
calculated in Exercise 10.14. We get

d (gradf)” 0 (gradf)?

— ¢ r ) 0
Af = 3, + 70 + g (gradf) +T50 (gradf)” +
d (gradf)®
+ 2L 1, (erad ) =

_9%f I 0% 19f cos® of 1d*f 19f
_8r2 P2sin20 09 | ror  r’sin0d@ 120602 ror

SN, 1 o (o 1y
28r "o r2sin@ 960 s 00 r2sin% 0 02
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Exercise 10.19.

Find geodesics on

1. sphere S2

2. upper half plane, ie. H* = {(x',x*) € R? | x* >0}, with metric ds* = (xz)_2

() + (2)).
Solution. 1. Nonzero Christoffel symbols are er =cotanf a Fg(p = —sinfBcosO. We
are looking for a geodesic y(r) = (¢(¢),0(t)). Geodesic equations are

cosO .
sine(pe =0,

é+F§’,(p<p2 =0 = 6—sinOcosh@>.

P+2Upe90=0 = ¢+2

We multiply first equation by sin® 6 and get
@sin® 0 +2sin 6 cos 09O = 0,

& ((p sin’ 0) =0,
¢sin’ 0 = C,
where C € R. We can express ¢ and insert into second geodesic equation,
§_ 2 cos6 0
sin@

We multiply this equation by 26 and rearrange as before

266 —2C2 ‘70339 6 =0,
sin” 6
d,.
T (62 + C*cotan®0) =0,

0% + C?cotan’6 = K2,

where K € R. Now we get rid of # and we will look for an implicit equation of a geodesic,
1.e.

do 6 sin’6

do ¢ C
For C = 0 we get y(¢) = (const, Kz + const’). These curves are meridians. Now let’s take
a look at equation (10.20) again. One of the integrals is trivial, the other one is

VK2 — C2cotan26. (10.20)

Cdo de cotanf = x
/ sin? 0vK? — C2cotan?0 / sin? 0vK2C—2 —cotan?0 _Siigg = B
dx ) X
= —/W = _arCSIHKZ—C’fZ + const =
. cotan@
= —arcsin -+ const,

K2C2
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The integration constants of both integrals were combined. We have

. cotan @
—arcsin X2~ ¢+ B.

After few rearrangements we get the equation of a geodesic
K?cosBsin 0 sin @ + K sin Bsin 0 cos o+ C%cos O =0. (10.21)
We can take a look at these curves in R. These curves are subsets of planes
ox+By+0z=0,

where a, 3 a § are respective constants, i.e. planes passing through an origin. Geodesics
in R are arcs of intersetion of a sphere with planes passing through the origin. Intersection
of a sphere with such a plane is called great circle.We can see that implicit equation (10.21)
also contains case C = 0, that describe meridians.

2. Nonzero Christoffel symbols are '}, = — (xz)fl, 2 = (xz)f1 al%,=— (xz)fl. We
are looking for a geodesic y(¢) = (x!(¢),x%(r)). Geodesic equations are

deorbilit=0 = i -2°2 —o,

1\ 2 .2\ 2
2412 (415, (3) =0 = x%ﬁ +(x) = 0.

We divide first equation by (x2)2 and we get

=C, (10.22)

where C € R. Thus we can insert %! into second equation that we multiply by 2x2 ()CZ)f2
and we get

) .2\ 3
Z(XZXZ +2C% %% 25223 =0,
X X
d (xz)Z 20.2\2 | _
dt ((x2 ) ) =0
.2\ 2
&) e ()’ =D?, (10.23)
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where D € R. We can combine (10.22) and (10.23)to get rid of # and find implicit equation
of geodesic. We get equations

dx2 2 %2 2 D2
GF):<F):C%wf4 (1029

For C = 0 geodesics are y(t) = (const,EeDt ) where E > 0, i.e. half lines in upper half
plane perpendicular to x-axis. Let’s take a look at equation (10.24) again. Integration of
this equation gives us

D2
E - (X2>2 :xl _S;

where S € R is integration constant. We rewrite this equation

@L_@2+@52:<§)3

Geodesics are circles with center in [S,0] and with radius DC~!. o

Exercise 10.25.

Let’s assume R? with linear connection V and curve o' (1) = (const, y(t)), where y(¢): I — R
is smooth function. Find equations for V, so that every o () is geodesic.

Solution. We have to make sure that the geodesic equation, i.e.
. 2 . . k
6'+ ) I'ie/c" =0,
Jk=1

is fulfilled for every y(¢). Derivatives of a curve o (¢) are 6(r) = (0,y(7)) a 6(¢) = (0,3(¢)).
We insert these to geodesic equations and get

1—%2)}2 = 07
J+T5y=0.

The equation for V is F%z =0. o

Exercise 10.26.

Since geodesics are curves on Riemann manifold on dimension n between two points with
minimal distance, they can be obtained by minimization of length of a curve (9.3). Since
x(t) is given by an integral, necessary condition for an extrem of an integral is that integrand
L(x(t),x(t),t) fulfills Euler-Lagrange equations

doL_aL
dt 9k Ixk’

Show that Euler-Lagrange equations for a curve x(¢) and integral (9.3) are geodesic equa-
tions.

k=1,...,n.
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Solution. We don’t have to care about square root it’s an increasing function on (0, <o),
thus we have

L(x(7) Z X(0)4 (2)gij(x(2))-

i,j=1

Let’s start with calculating a derivative g L This derivative is nonzero iff i = k or j = k.
This can be written using Kronecker delta as

dL 1 , L . noo noo.
ok ) (xlgij51g +xjgij51§> =) ie+ Y e
o= i=1 =l
We differentiate this with respect to ¢ and get
dIL v 8gk 98k
Z glk+Zngj+Z : j—f— o/ ]x .
dt 8 ' i dxi

Thanks to the symmetry of metric tensor we can rewrite two sums as one. Righthand side
of Euler-Lagrange equations is simply

Z 8g lJ z ]
ok
We compare both sides and get

2nglk+ Z (’ Bik i i ZEIk g’k ) Z gi’,j i/

i,j=1

We can multiply this equation by } 7}, g and subtract righthand side. We get the geodesic

equation
LA ) dgik  9gii\ .
[ ~lk glk 8 jk 8ij ]
5 - — =0.
Rk (e ) e




Torsion and curvature of a linear connection

Definition 11.1.
Mapping T: ZM x &M — 2 M defined as

T(X,Y)=VxY—-VyX—[X,Y], X.Ye2M

is called a torsion of a linear connection V on M. Coordinate expression of a vector field
T(X,Y) in local coordinates is

. n . . . .
(rx,v)) =Y (r;j— ’jk>Xfo.
k=1

Therefore T is a (1,2) tensor field witch coordinate expression

i i
Ui = Ui

Definition 11.2.

If T =0, V is torsionless linear connection.

Remark. Levi-Civita connection of Riemann space is torsionless.

Definition 11.3.
Mapping R: ZM x ZMx Z M — Z M given by

R(X,Y)Z = Vvaz—VYsz—V[XJ]Z, XY ZeIM

is a curvature of a linear connection V on M.Curvature is (1,3) tensor field (1,3) with
coordinate expression

oo, orj, a
o=k ___J | A - ’Fh-).
M= 00 ok +h§,1< mit e — Ll 1

Theorem 11.4.

If V is torsionless linear connection, then its curvature R fulfills first Bianchi identity
R(X,Y)Z+R(Y,Z)X +R(Z,X)Y =0.
for every X,Y,Z € & M Coordinate expression of this identity is
Ry + Ry + Rl =0.
—-103-



11. Torsion and curvature of a linear connection 104

Definition 11.5.

Let (M, g) be a Riemann manifold and V Levi-Civita connection. We can define a covariant
form of a curvature tensor R(X,Y,Z,U), where X,Y,Z. U € M, as

R(X,Y,Z,U)=g(R(X,Y)Z,U).

R(X,Y,Z,U) is (0,4) tensor with a coordinate expression
n .
Riini = Z giiR,-
j=1

Remark. In Exercise 12.6 we found out that for covariant form of curvature tensor
R(X,Y,Z,U) = —R(X,Y,U,Z) holds. In coordinates this is

Rijxi = —Rijik-

Definition 11.6.

Let (M, g) be a Riemann manifold with a Levi-Civita connection V. Ricci curvature tensor
Ric is defined as a contraction of curvature tensor, i.e.

n
: _ k
k=1

Ricci scalar, or scalar curvature, Scal is defined as
n ..
~l .
Scal = Z §"Ric;;,
i,j=1

where g is matrix inverse to matrix of metric g.

Exercise 11.7.

On a smooth manifold M are two connections V and %, whose Christoffel symbols are
related by . . '
ik =Tt 0,8,

where 0 GNQI (M) is differential 1-form. Calculate the difference of their curvatures, given
by tensor R’j,d — lekl‘
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Solution. The calculation is very straighforward. We’ll perform it in local coordinates.

L _am, o,
TRy 8xk
ar 96k I 96 D
_< hk+5h9k)< 1j+3l j>:

: 26, 996; . . . ,
:lekl+5l(a : a—x;)+F;,j6,’l9k+5,;9jr?k+6;,9j5,h9k— 10,0

T

- 5,;'ekr§1j —5.6:5/'6; =

a6, 0J0; . . : : .

ox/  Jx k

Exercise 11.8.

Let M and M’ be two smooth manifolds with linear connections V, V’ respectively. Con-
nection is invariant under a diffeomorphism @ : M — M’ if for every x e M

Tep (VxY) = (ViY') (0(x)),

holds where X € 2" (M) and X' € 2" (M) are ¢-related vector fields, or Y € 2" (M) a
Y € 2 (M) are @-related. Show that

Te(7(X,Y) =T (TeX,TeY),
where .7, .7 are torsion tensors on M and M’ respectively.
Solution. Vector fields X a X’ are ¢@-related, if for every x € M

TpX =X'(¢(x))
holds. If X,Y are @-related to X', Y’, so is the Lie bracket [X,Y] ¢-related to [X’,Y']. For
every x € M holds
To(7 (X,Y)) =Tep(VxY = VyX = [X,Y]) = (VxV') (0(x)) — (Vi X') (9(x)) —
~ XY} (9() =
=7 (Xlayl) ((P(x)) = g’(]}c(pXJ}qu)_

Exercise 11.9.

Show that for a covariant form of curvature tensor R(X,Y,Z, U) following identity holds

R i = Ryjjk-
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Solution. Let us assume two instances of a first Bianchi identity

R i+ Ry ji + Ryjki = 0,
R jkit + Riiji + Riju = 0.

We can substract them and use the antisymmetry in a first pair of indices in R j;;, which
gives us
2R i + Ry ji + Ry jki — Riiji — Rijiy = 0. (11.10)

We can do this again but this time we switch indices (i <> k) and (I <> j), leading us to
2Ryijk + Rijix + Rjiik — Rikij — Ruij = 0.

Using the antisymmetry in first and second pair of indices
2Ryijk — Rijki + Ry jki — Riiji + R ji = 0,

and substract from the equation (11.10), which gives

Rjxii = Ryjjk-

Exercise 11.11.

Show that Ricci curvature tensor Ric is symmetric, i.e. Ric;; = Ricj;.

Solution. We start from the first Bianchi identity
Rllj+RlJl+R]ll O

in which we contract indices k and [, i.e.

n
Z ( lk} kjl +R]zk) 0,
- n
—Ric;; +Ricj; + Z Rl;'ik =0,
k=1
where we used the antisymmetry of curvature in the first pair of indices. Now we show

that Y77, ﬂk = 0. First we lower the index k using the inverse metric, then we use the
symmetry of a metric and antisymmetry of a curvature in the second pair of indices, i.e.

n n
ZRJlk: Z kRjikl == Z klRJllk— ZRJII = ZRJ”‘_

k=1 k=1

Exercise 11.12.

Find the components of a curvature tensor, Ricci tensor and Ricci scalar in following cases
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1. sphere S? with metric induced from R3,

2. torus T2 with metric induced from R3,

3. upper half plane, ie. H? = {(x',x*) € R? | x* > 0}, with metric ds* = (xz)f2
(@) + (@)?).
Solution. Christoffel symbols are already calculated in the Exercise 10.14.

1. We calculate one of the components from the definition, rest can be deduced from
the symmetries of the curvature tensor. We again use the notation ¢! = ¢ and ¢? = 6

arg, 2 :
902 Jol Z Ay Flzl)zg—(pz—rurzlz
i=1

R} = 90

0
— —cos? 60 +sin’ 6 — (—sinHcos H) BT _ sin2e6.
sin 6

Then R%zl = —sin?@. From these components we calculate covariant component of
curvature tensor Ry712 by lowering the index,

2
] 2 .2
Rizi2 =Y Ri582 = Riy 82 = —sin" 0,
i=1
where we used the fact that the metric is diagonal. Now we use the antisymmetry in second
pair of indices,i.e. Rj22] = sin® 0, and we raise the last index

sin” 0
R, = 2 VR 12 =g"R = =
122 1_18 122i = g 1221 = 1n29

where we used the fact that Ry, is zero due to the antisymmetry. The last nonzero
component is R%IZ = —1.Ricci tensor components are obtained as follows

2
RiCll = — ZRllll = —R%zl = SinZB,
i=1
2 1
Ricyy = — ZRlziz =Ry =1,

RlC]z— ZRIZZ_
i=1

Then the Ricci scalar is

2
Scal= Y g'Ric;; = g''Ric| + §*Ricy, =
ij=1

sinf@4+1-1=2.

sin% 0
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2. The procedure is same as for sphere. We calculate one of the components

orz, ori, 2 : ; ors
R%n:a—(;zl_a—(pllzJF;(F%i =T 21)23—(;21_F%1F§1:
cos 0 1 rsin @
= R 0)—sin’6 — — (R 0)sinf | ————~ ) =
. (R+rcos ) —sin r( +rcos0)sin < R—|—rcos6)
_ cosO(R+rcosB)

,
Now we lower the upper index

2
Ry = Zg,-lez” =rcos® (R+rcos0).
i=1

We use the antisymmetry and a raise the last index

2

1 ~il
Ry = 2 & Ropni =
izl

rcos o
R+rcos@’

We get two more nonzero components from the antisymmetry in first pair of indices. Ricci
tensor is

cosO (R cos 0
Rici; = —R},, = (Rt )7
r
rcos 9

Ricyp = — R} y = — >~

22 2127 R rcos@’
RiC]2 =0.

Ricci scalar is
2 2cos 6

Scal = 3URIc;; = ~llRicn + ~22Ri022 =
l.jzlg i =8 & r(R+rcos9)
3. The procedure is same as in previous exercises, calculate one component of curvature

tensor

or,, orh, 2 : , or?
1 2 12 1 i 1 i 2, 2 1l
122=>37 — +) (D1 —T5l,) = =552 +Tpl, -0y I =
oxt  ox2 & ! dx?
1 1 1 1
=T T ou T o0 27 T 2
*)” ()7 () (x2)
Lower the index Rz = — (x?) . Use the antisymmetry and raise the index R3,, =

(xz)fz. Ricci tensor is

Ric R? !
11— 21— ——"75>
(x2)

Ric R} !
22— — I\ = — 75,
Py

RiC12 = 0,
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and Ricci scalar is

2
Scal = Y g"Ric;j = g''Ricyy + g% Ricy = —2.
ij=1



Covariant differentiation of tensor fields

Definition 12.1.

Let M be a smooth manifold with a linear connection V. Covarian differentiation of 1-form
® in direction of X € Z'M is 1-form Vxw: M — T*M, for which, for every Y € Z'M
fulfills

X(0,Y)=(Vx®,Y)+ (0, VxY).

Coordinate expression of covariant differentiation of 1-form is

(Vxw); = Z (gw], ~Tfo )X]

Definition 12.2.

Let M be smooth manifold with linear connection V, A is (r,s) tensor, X, Yy,...,Ys € M
are vector fields and oy, ..., ®, € Q(M) are 1-forms.

A(Yl ...,Ys,wl,...,a)r) M—R
is a function on M. Covariant differentiation of A in direction of X, i.e. VxA is defined as

X(A(Yl,...,Ys,a)l,...,a)r)):(VXA)(Yl,...,Ys,wl,...,a)r)Jr
—i—A(VxYl,...,YS,(DI,...,C()r)—f—---—f—A(Yl,...,VXYS7O)1,...,(x)r)+
+A(Yl,...,YS,VXa)l,...,a),)+~~+A(Yl,...,YS,a)l,...,VXa),).

Coordinate expression of covariant differentiation of (r,s) tensor is

JAl-r .
Jl -Js t1 lip...iy ipdp—yl ipedr [ pAlle-ir
+Z< WAL TRAGT T T A FjskAjl...js_ll>-

Remark. Covariante derivative of (0,2) tensor field g on M in direction X € 2°M is

Xg(Y,Z) = (VXg> (Y,Z)+g(VXY,Z)+g(Y,VXZ).

Theorem 12.3.

Levi-Civita connection V is unique torsionless linear connection on (M,g) such that
Vxg=0forevery X € Z'M.

—-110-
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Theorem 12.4.

Let (M,g) be Riemann manifold with a Levi-Civita connection V. For every vector field
X,Y,Z € 2 M following identity holds

Xg(Y,Z) =g(VxY,Z) +g(Y,VxZ).

Exercise 12.5.

Let (M,g) be Riemann manifold with a Levi-Civita connection V. Show that for every
X,Y,Z € Z (M) Koszul formula holds.

28(VxY,Z) =Xg (Y, Z)+Yg(Z,X)—Zg(X,Y)+g([X,Y],Z)—
_g([sz] ,X) +g([Z,X] ’Y)'

Solution. Let us remind that for Levi-Civita connection we have

Xg(Y7Z> :g(VXYaZ) +g(Y7VXZ)7
X,Y] = VxY — VyX.

Let’s calculate

Xg(Y,2)+Yg(Z,X)—Zg(X,Y) =g (VxY,Z) +g(Y,VxZ) + g (VyZ,X) +
+8(Z,VyX) —g(VzX,Y) —g(X,VzY).

We can use the linearity and symmetry of scalar product

Xg(Y,2)+Yg(Z,X)—Zg(X,Y) =g (VxY,Z) +g(Z,VyX)+
+8(VxZ—VzX,Y)+g(VyZ—VzY,X).

Now we use torsionless of Levi-Civita connection and linearity of scalar product again

Xg(Y,Z)—l—Yg(Z,X) —Zg(X,Y) :g(VXYaZ)+g(ZavXY) _g(27 [XaY])+
+8(X,2],Y) +¢ (¥, 2], X).

Symmetry of scalar product and antisymmetry of Lie brackets give us Koszul formula. ¢

Exercise 12.6.

Let (M,g) be Riemann manifold with a Levi-Civita connection V. Show that for every
vector field X,Y,U,Z € 2" M we have

g(R(X,Y)Z,U) = —g(R(X,Y)U,Z),

where R is curvature of Levi-Civita connection.
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Solution. Theorem 12.4 gives us
X, Y18(U,2) =g (VixyU, Z2) +8 (U, Vixy)Z) -
We apply this twice and get

=g (vayU,Z) +8 (VyU, VXZ) +g (VxU, Vyz) +g (U,vayz) .

Let’s assume the expression (XY —YX — [X,Y]) g(U,Z). XY —YX is a Lie bracket, so
(XY —YX —[X,Y])g(U,Z) =0.
However, if we apply vector fields on scalar g(U,Z) we get

0=g(VxVyU,2)+g(VyU,VxZ)+g(VxU,VyZ)+ g (U,VxVyZ)—
—8(VyVxU,Z) —g(VxU,VyZ) —g(VyU,VxZ) — g (U, VyVxZ) —
—¢(VixnU.2) =g (U, Vixy2) =
=g (VxVyU —VyVxU —Vx yU,Z) 4+ g (U, VxVyZ = VyVxZ =V iy y|Z) =
=8(R(X,Y)U,Z)+¢(U,R(X,Y)Z),

which gives us the identity we wanted to show. o

Exercise 12.7.

Let (M,g) be Riemann manifold with a Levi-Civita connection V. Show that for every
X.,Y,Z, U € 2 M second Bianchi identity holds

(VxR) (Y,Z,U) + (VyR) (Z,X,U)+ (VzR) (X,Y,U) =0.

Solution. First let’s examine action of X on scalar (R(Y,Z)U,®), where @ € Q(M).
(R(Y,Z)U, w) is evaluation of a vector field R(Y,Z)U on 1-form o, then

X(R(Y,2)U,0) = (Vx(R(Y,Z)U),w) + (R(Y,Z)U,Vx o).

Or (R(Y,Z)U,w) can be viewed as evaluation of curvature on three vector fields and one
1-form. We have

X(R(Y,Z)U,0) = X(R(Y,Z,U,0)) = (VxR) (Y,Z,U,®) +R (VxY,Z,U,®) +
+R(Y,VXxZ,U,0)+R(Y,Z,VxU,®)+R(Y,Z,U,Vx0) =
= ((VxR) (Y,Z,U),®) + (R(VxY,Z)U,®) + (R(Y,VxZ) U, ®) +
+(R(Y,Z)VxU,®) + (R(Y,Z)U,Vx0).

We can see that

(VxR) (Y,Z,U) = Vx (R(Y,Z)U) —R(VxY,Z)U —R(Y,VxZ)U — R(Y,Z)VxU.
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Our goal is to show that the expression

(VxR) (Y,Z,U)+(VyR)(Z,X,U)+ (VZR) (X,Y,U) = (12.8)
=Vx (R(Y,Z)U)—R(VxY,Z)U —R(Y,VxZ)U — R(Y,Z)VxU+
+Vy(R(Z,X)U)—R(VyZ,X)U —R(Z,VyX)U —R(Z,X)VyU+
+Vz(R(X,Y)U)—R(VzX,Y)U -R(X,VzY)U —R(X,Y)VzU

is identically equal to zero. First we use the antisymmetry of curvature in first entries

and the fact that Levi-Civita connection is torsionless to rewrite the terms in (12.8) with
covariant derivative in first two entries

—R(VxY,Z)U —R(Y,VxZ)U —R(VyZ,X)U —R(Z,VyX)U—
—R(VzX,Y)U —R(X,VzY)U =
=R(Z,X,Y)U+R(X,[Y,ZJU)+R(Y,[Z,X])U.

We combine this with terms from (12.8) containing covariant derivative of U. Definition
of curvature gives us

R(Z,[X,Y])U+R(X,[Y,Z)U) +R(Y,[Z, XU — R(Y,Z)VxU—
~R(Z,X)VyU —R(X,Y)VzU =
=VzVixyU = Vixy|VzU = Viz x y U+
+VxViy qU — Viy 2VxU = Vix y 71U+
+VyVizxU = VizxVyU = Viy zx)U—
— VyVVxU +VzVyVxU +Viy 7 VxU—
—VzVxVyU + VxVzVyU + Vi x VyU—
~VxVyVzU + VyVxVzU + Vix yVzU =
=Vx (VygU +VzVyU —VyVzU) +
+Vy (VizxjU +VxVzU - VzVxU) +
+Vz (Vix)U + VyVxU = VxVyU) = Vi iy ix rz) s vizx)U =
= —Vx (R(Y,Z)U) — Vy (R(Z,X)U) — Vz (R(X,Y)U),

where we used the Jacobi identity for vector fields. The resulting terms cancel remaining
terms in (12.8). o

Exercise 12.9.

Find coordinate expression of second Bianchi identity.

Solution. Components of curvature tensor are R;kl. We apply covariant derivative in

direction of X = ¥ X"2_ Jeading us to
h=1% 5xh g

n
h=1

oxh
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Let us denote covariant derivative in direction of % as V. Second Bianchi identity is

n
0= $ ((omima) v (o) 20t () v
h,jk, =1
We relabel contracting indices in second term (h — j — k — h) and in third term (h —
k — j — h) which gives us
n
0= Y

h7j~, >l

1

The coordinate expression for second Bianchi identity is

Exercise 12.10.

Show that following identity holds

n
1
Z gthhRiij = EVchal,
hk=1

Solution. First, let us contract second Bianch identity and use the antisymmetry in first
two indices of curvature tensor

n
k=1
n
~ViRicj; + V,Ricy + Y ViR = 0.
k=1

We can multiply this by }') ,_, g™ and use the fact that the metric is covariantly constant,
ie. Vg=0

D=

n
ghl <—VhRile + VjRiCh[ + Z VkR];ljl> = 0,
h,l k=1

=1
n n

— Y &"ViRicj;+V;Scal+ Y §"ViR; =0.
hl=1 k.hl=1

Last term can be manipulated using symmetries of curvature

n n n
Y @'ViR = Y Vi@ Ruyjm= Y, &"Vid" Rjwm =

k=1 kil m=1 k,hilm=1
- k ph - k
~1, ~1M, .
= Z ng thm = — Z g VkRIij.
k7h7m:1 k,m:l

After relabeling (k — h) a (m — [) and plugging into last equation we get the identity. ©
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Exercise 12.11.

Let (M, g) be connected n—dimensional Riemann manifold with a Levi-Civita connection
V and Ricci tensor is of form

Rij = u()gij,
where p(x*) is a function of coordinates. Show that for n > 2 the function u(x) has to be
constant.

Solution. First let’s take a look at the case n = 1. Curvature, Ricci tensor and scalar
curvature are identically zero and p(x*) is an arbitrary function. For n > 1 we calculate
Ricci scalar first. The expression Y7, 8! is just a trace of n—dimensional unit matrix.
Therefore, the Ricci scalar is

=) &'Rij= Z g7 ngij = u26’_nu
ij=1

i,j=1

We also apply the expression for a covariant derivative of Ricci scalar from previous
exercise, 1.e.

n
1
Z thhRICkJ —Vchal,
hk=1
n

B 1
Z "V (ngyy) = ZVj(nH)-

U is a scalar function and covariant derivative is just ordinary derivative. Because the
metric is covariantly constant, we get

i%k ou _nou
L & B G T 2 g

k=1
zn: SO _nou
= oxh 20x)7
u  ndu
ox/  20x)’
This condition is fulfilled if and only if n = 2. For n > 2 we have
u
ox/
and U is a constant. o

Exercise 12.12.

Let V be torsionless connection on a smooth manifold M. Show that for vector fields
X,Y € 2'M, the exteriror derivative of 1-form @ € Q(M) is

do(X,Y)=(Vxo,Y)— (Vyo,X).
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Solution. Let us remind that
dCO(X,Y) :X<(D,Y> —Y<(J),X> - <0), [X7Y]> :

In first two terms we use definition of a covariant derivative, in last term we use that the
connection has no torsion. We get

da)(X,Y) = <Vx(D,Y> + <C(),VxY> — <Vy0),X> — <0),VyX> — <(D,VxY —VyX) .

The identity is obtained by linearity. o
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All definitions, theorems, lemmas and remarks has been taken from 1. Kolar textbook
which serves as a main study material for the course. Eventhough we made few alterations
of the original formulation, we also aimed to preserve the idea behind them. During the
process of writing this text, we have been inspired by various literature, amongst which
was collection of exercises with solutions, written by associate professor Anton Galaev,
Dr. rer. nat.
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